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Preface 



This volume consists of five research articles, each dedicated to a significant topic 
in the mathematical theory of the Navier-Stokes equations, for compressible and 
incompressible fiuids, and to related questions. All results given here are new and 
represent a noticeable contribution to the subject. 

One of the most famous predictions of the Kolmogorov theory of turbulence 
is the so-called Kolmogorov-Obukhov five-thirds law. As is known, this law is 
heuristic and, to date, there is no rigorous justification. The article of A. Biryuk 
deals with the Cauchy problem for a multi-dimensional Burgers equation with 
periodic boundary conditions. Estimates in suitable norms for the corresponding 
solutions are derived for “large” Reynolds numbers, and their relation with the 
Kolmogorov-Obukhov law are discussed. Similar estimates are also obtained for 
the Navier-Stokes equation. 

In the late sixties J. L. Lions introduced a “perturbation” of the Navier- 
Stokes equations in which he added in the linear momentum equation the hyper- 
dissipative term (— A)^u, (3 > 5/4, where A is the Laplace operator. This term 
is referred to as an “artificial” viscosity. Even though it is not physically moti- 
vated, artificial viscosity has proved a useful device in numerical simulations of 
the Navier-Stokes equations at high Reynolds numbers. The paper of of D. Chae 
and J. Lee investigates the global well-posedness of a modification of the Navier- 
Stokes equation similar to that introduced by Lions, but where now the original 
dissipative term —Au is replaced by (— A)^u, 0 < a < 5/4. Existence, uniqueness 
and stability of solutions is proved in appropriate Besov spaces depending on the 
parameter a. 

Space averaged Navier-Stokes equations are the basic equations for large eddy 
simulation of turbulent fiows. In deriving these equations it is tacitly understood 
that differentiation and averaging operations can be interchanged. Actually, this 
procedure introduces a “commutation error” term that is typically ignored. The 
main objective in the paper of A. Dunca, V. John and W. L. Layton is to furnish 
a characterization of this term to be neglected. The authors go on to provide a 
justification for neglecting this term if and only if the Cauchy stress vector of 
the underlying fiow is identically zero on the boundary of the domain. In other 
words, neglecting the commutation error is reasonable only for fiows in which the 
boundary exerts no infiuence on the fiow. 

Since the appearence of the paper of J. G. Heywood in the mid-seventies, 
the problem of a fiow through an aperture (the “aperture domain” problem) has 
attracted the attention of many researchers. But even now, a number of basic 
questions remain unresolved. The article of T. Hishida provides a further, signifi- 
cant contribution. Specifically, the author proves — U estimates for the Stokes 
semigroup in an aperture domain of n > 3. These estimates are then used to 
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show the existence, uniqueness and asymptotic behavior in time of strong solu- 
tions of the Navier-Stokes equations having “small” initial data in and zero 
flux through the aperture. 

The mathematical analysis of the well-posedness of the Navier-Stokes equa- 
tions in the case of a compressible viscous fluid is a relatively new branch of math- 
ematical fluid mechanics, its first contribution dating back to a paper of J. Nash 
in the early sixties. Many problems remain to be solved in this area, despite the 
significant contributions of many mathematicians. In particular, there remain very 
interesting problems concerning steady flow in an exterior domain, especially re- 
garding the asymptotic behavior of solutions. This latter problem is analyzed in 
the paper of T. Leonaviciene and K. Pileckas, in the case when the velocity of 
the fluid is zero at large distances and the body force is the sum of an “arbitrary 
large” potential term and a “small” non-potential term. 

We would like to express our warm thanks to Professors H. Beirao da Veiga, 
A. Pursikov and Y. Giga who recommended the publication of these articles. 

Giovanni P. Galdi John G. Heywood Rolf Rannacher 
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On Multidimensional Bmgers Type 
Equations with Small Viscosity 

Andrei Biryuk 



Abstract. We consider the Cauchy problem for a multidimensional Burgers 
type equation with periodic boundary conditions. We obtain upper and lower 
bounds for derivatives of solutions for this equation in terms of powers of the 
viscosity and discuss how these estimates relate to the Kolmogorov-Obukhov 
spectral law. Next we use the estimates obtained to get certain bounds for 
derivatives of solutions of the Navier-Stokes system. 

Mathematics Subject Classification (2000). 35B10, 35A30, 76D05. 

Keywords. Kolmogorov-Obukhov spectral law, bounds for derivatives, degen- 
erate state. 



1. Introduction 

We study the dynamics of m-dimensional vector field u — u{tyX) on the n- 
dimensional torus ^ described by the equation 

dtu + = z/Aii + h{t, x) . (1.1) 

Here i/ is a positive parameter (“the viscosity”), / : ^ is a smooth map, 

h is a smooth forcing term and Vf(u) is the derivative along the vector f{u), i.e., 

= (/(^) • 

If m = n and f{u) = tx, we have the usual forced Burgers equation. In a 
potential case (i.e., if the initial state uq{x) = u(0, x) and the field h are gradients 
of some functions) this equation can be reduced to a linear parabolic equation. 

As it is shown in [1], [12], appropriate bounds for derivatives imply estimates 
for averaged spectral characteristics of the flow. The purpose of this work is to 
obtain such bounds for solutions of the Cauchy problem for the generalised m-n 
multidimensional Burgers equation (1.1). 

We describe notations used in this article. If v is a vector in W, 1/ or C^, 
then |u| denotes its Euclidean (Hermitian) norm \v^ = Yli=i If we have to 
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stress the dimension, we denote the norm in W as \v\^si etc. By B{r) we denote 
the ball of radius r centered at the origin. If A : is a linear map then 

II A II denotes the operator- norm of this map associated with the Euclidean norms 
I • I on and If v = v{x)^ then we write 

1 /2 

l^l = sup \v{x)\ = sup f ^ \vi{x)\'^] . (1.2) 

X X ^ ^ 



Sometimes we will denote this norm by | • Il^o- If = v{t,x), then |t;| = 
supg. \v{t,x)\ is a function of t. For a multi-index a we denote |o:| = 

We set 

H{t)= [ snp \h{r,x)\^mdT . (1.3) 

Jo xeT^ 

We also denote 



[/] 



C'=(r) 



= max 



sup (Xl|^-^i| ) 



2x1/2 



1^1—^ 



(1.4) 



and 



u 



P m 

“/-S’ 



= X] L C‘ 

i=l |a|=fc 






2 

L2(T") 



=E E 



d^Uj 2 
dxj^--dxjj^ L2(T^)‘ 



(1.5) 



Here A: > 0 is an integer and (^^1) = coefficients 

in the generalised binomial expansion (xi + X 2 + • • . + Xn)^ = Z]|a|=/c 
u = u{t^x), then ||u||fc = \\u{t,-)\\j^ is a function of t. 

Our main results are stated in the following two theorems, where u{t^ x)^ t ^ 
0, is any smooth solution for the equation (1.1): 



Theorem 1. For any k ^ 0, t ^ 0, and u > 0 we have 

\\u(t, .)iu ft(t) m»j.{ A, ig|k, "“m;;,"- } . (1.6) 

Here ||/i||_i = 0, Ro{t) = (|mo| + and 

Rk{t) = (1 + (|tio| + H{t)Y})''{\uo\ + 

where the constant Ck^m.n depends on k, m, n only. 

Definition 1. The vector field Uq is degenerate with respect to equation (1.1) if 
the matrix (this is an n x n matrix, which depends on x) is everywhere 

nilpotent, i.e., for each point x some power of this matrix is equal to 0. 
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Theorem 2. Suppose that the initial state Uq is a non- degenerate vector field. Then 
there exist u -independent positive real constants T, c and r 2 , r^, r^^, ... such that: 
If H{T) < I then Vz/ > 0 and Vfc ^ 2, we have: 




The constants T, c, r2, rs,. . . depend on the non-degeneracy of the initial state 
Uo in quite complicated way (see (3.11), (3.16), (3.19), and (3.33)). The nearer is 
1^0 to set of degenerate vector functions, the bigger is T and the smaller are c, r2, 
rs, U Uo = Auo and A ^ 0, then T oc A“^, r^ oc A^/^, c does not depend on A. 

In Section 3 we give an example of a degenerate non-constant initial state for 
which derivatives of the solution are bounded by z/-independent constants for all 
t^ 0. Moreover, for the two dimensional case {m = n = 2) and for f{u) = u,h = 0 
we show that any solution with a degenerate initial state retains bounded deriva- 
tives. This fact is based on a result from the classical geometry due to Pogorelov- 
Hartman-Nirenberg, known as the “Cylinder Theorem”. In Section 3 we show 
that in the case m = n and f{u) = tx, any non-constant potential initial state is 
non-degenerate. 

The exponents of viscosity u in inequalities (1.6) and (1.7) are not sharp. 
In the one-dimensional case {m = n = 1) sharp values for the exponents can be 
obtained. Namely, it is shown in [1] that for fc ^ 1 we have 





As a consequence of these inequalities one can get bounds for magnitudes of the 
derivatives: 



A Ci I r 

dit ' T j„ ' 

^oo ^ J-'oo 



The first inequality for A: = 0 follows by the maximum principle and for A: ^ 1 
- by the inequality \v\l^ ^ which holds for any periodic function v 

with zero meanvalue, see [1], Sect. 3. To derive the second inequality (see [1] and 
formula (3.7) there) we use the well-known fact that for periodic solutions of ID 
Burgers- type equations the quantity is bounded uniformly in t (see e.g. 

the appendix in [1]). Then for A: = 1 the second estimate follows by the Holder 
inequality \uxfi^ ^ while for A: > 1 it follows by interpolation with 

the upper bound for A: = 0. 



This article is organised as follows. In Section 2 we prove the upper estimates 
(1.6) (theorem 1). Section 3 is devoted to proving the lower bounds (1.7) (theorem 
2). In Section 4 we obtain some results on behaviour of Fourier coefficients of solu- 
tions that can be extracted from the bounds (1.6) and (1.7). Assuming that there 
is a Kolmogorov-Obukhov type spectral asymptotics for the Fourier coefficients of 
solutions of (1.1), we get bounds for the exponents of the spectral law and for the 
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Kolmogorov dissipation scale. In Section 5, treating the Navier-Stokes system as 
a partial case of (1.1), we derive lower bounds for derivatives of its solutions. 

The author is grateful to Professor S. Kuksin for constant attention to this 

work. 



2. Upper estimates 

In this section we prove Theorem 1. The componentwise representation of (1.1) is 

n 

^ ^ fj (^1 ? • • • 5 U^Ui -|- hi(tj Xi , . . . , , (^*1) 

where i = 1, , m. 



Lemma 1. Let T and v he any positive numbers. Let v = v{t,x) be a continuous 
function on [0,T] xT^ with the continuous derivatives Vt, Vxj and VxjXj for any j = 
1, . . . , n. Let Vj = Vj{t, x), j = 1, . . . ,n and g = g{t^ x) be continuous functions on 
[0,T] X Suppose that on [0,T] x we have the following partial differential 
inequality: 

n 

vt + '^Vj-§^ < vAv + g{t,xi,...,Xn). 

Then for any (^, x) G [0, T] x we have 



vit,x) < maxi;(0,y) + / maxg(r,y)dr. 
yeT- Jq yer^ 



Proof Making the substitution v{t,x) = v{t,x) + q{t), where q:[0,T] M is a 
function such that g'(t) = maXy^T"^ g{t, 2/), we reduce this lemma to the case g = 0. 
Now the statement of the lemma becomes a classic maximum principle, see e.g. 

[4]. □ 



Applying this lemma for v{t^x) = Y^aiUi{t^x) and ^(t,aj) = ^aihi{t,x) 
with appropriate unit vector a G we obtain 

\u{t,-)\ < \uo\ + H{t). (2.2) 

Here the norm |*| is defined by (1.2) and H{t) is defined by (1.3). 

Since ||^x||q < ||^|^ haye 

Hf, Olio + //(f)). (2.3) 

This proves (1.6) for k = 0. Next, we multiply (2.1) by {-A)^Ui, take the sum 
over ^ = 1, . . . , m, and integrate over the period (over the torus): 



Here we denote 



iJjIhllfc -K/.«>(-A)''u) = -z/||u|||+i +T^. 

b{f,u,v) = - f 



(2.4) 
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and 



^1= [ T hi{-A)'^Uidx. 



Lemma 2. For the functional b introduced above we have 



b{f{u),u,u) < [/]oo(|„D ||w||i IImIIo, 

b{f{u),u, i-A)u) < [/]co(|„D ||«||i ||«||2 , 
and for any k ^ 2 we have 






(2.5) 

(2.6) 

(2.7) 



Proof First we prove a general inequality on 6(-, *, •): 

\b{f,u,v)\ < I/I ||m||i Iloilo, (2.8) 

where |/| = sup(X)J=i/|) and the norms || • ||s are defined in (1.5). Up to 
a constant factor this inequality is obvious. Below we show that for the chosen 
norm the constant is equal to 1. By the definition (2.4) of b{-, ■, •) and the Cauchy- 
Schwartz inequality we have 



A Ft -1 /o Ft FTt 

|6(/,«,n)K 1(^/2) 

j=l j=l i=l 



N 2s 1/2 

j J dx 



now we again use the Cauchy-Schwartz inequality (^ < (E«?)(E^>?) to 

continue as follows: 



P n m m . 

<i/i/(E(E(g;r)(E»0) 

j=l i=l i=l 

- I/I Ml, ikii. . 

j=l i=l i=l 

The inequality (2.8) and therefore (2.5) are proved. Using || Atx||o = ||u ||2 we arrive 
at (2.6). 

Consider the case A; ^ 2. By (2.4) we have 

P n m 

K/,u,(-a)‘u) = (-i)‘-7 E 

Integrating by parts k -1 times we obtain 
b{f,u,{-Afu) 

P n m 

/Ov Jfc = l 
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Using the identity 



u 



|2 

l/e+1 



-I. 



T. 



E(E 



d 

dXn , 



,,n i=l 



3k 



= l 



dxj^_^ dx]^ 



Ui)^dx 



we get 



\b{f,u,{-A)'^u)\ 




Now to prove the lemma it suffices to verify the inequality 



/ 



d 

dxj. 



dxj 



■ (/io('^l5 • • • ) 



dx 






k.m^n 



max 

s=0,...,/c — 1 



{[/] 



C»(|u|) 



W 






(2.9) 



(Indeed, (2.9) implies (2.7) with Ck,m,n = ^_„.) Expanding the 

brackets in (2.9) we get no more than (m + l)(m + 2) • • • (m + fc — 1) terms of the 
form 




where jagl + l<^il H ^ ^ the indexes ig (where s = 1, . . . , |^|) vary 

between 1 and m. The modulus of this integral is not bigger than 



2t = \dU 



:io\LUBi\u\)) 



\D^°Ui 



L 2k 
l«nl 



D^^u. 



'^^\L 2k 
layl 






\0\ \L 2k 



1q 



l/3|' 



Here B{r) denotes the ball in E™ of radius r in the Euclidean norm, centered at 
the origin. Using the Gagliardo-Nirenberg inequality (see [9], pp. 106-107) 



\D° 



^ 4K|(fc-|«d)|u.^ 




|Qs I 
k 

k ’ 



and the inequality ^ Si=o(l^sl^ ” l^^l) = k‘^ - k we obtain 

21 ^ 4^ ^l^w/ilLoo(5(|n|))l'^lLl ll'^llfc • 

Now using the fact that left hand side of (2.9) ^ (m + 1) • * • (m + fc — 1) max{2l}, 
we arrive at (2.9) with = 4^^“^(m + l)(m + 2) • • • (m + A: - 1). □ 



Corollary 1. For k ^ 1 we have: 

(~^) '^) ^ ^k{t) W'^Wk ll^llfc+l ’ 

where Bk{t) = Ck^m.n ^{[f]c^{\uo\-\-H{t)) (l*^ol }* 




Multidimensional Burgers Type Equations 



7 



Integrating T 2 by parts, we obtain T 2 ^ INII/c+i’ 

W'^Wk ^ ll^ll/c+1 (~^ ll'^ll/e+1 ^k{t) ll^ll/c + ||ft'||/c_i) • 

Now using the interpolation inequality in the form ^ W'^Wk 

have 

It follows from this relation that 

if ||u||;. > and ||u||^ > \\h\\j^_^, then ||tx||^ is decreasing. 

(2.10) 

We denote the right hand side of (1.6) by Fk{t). It is clear from the definition of 
the function Fk that 

H0,.)i|,^Ffc(0). 

Using (2.3) we see that if ||t6||^ > Fk{t) then ||n||^ is decreasing by argument 
(2.10). Since Fk{t) is a non-decreasing function we obtain that \\u\\j^ never can be 
greater than Fk{t). We arrive at (1.6). Theorem 1 is proven. 



3, Lower estimates 

In this section we prove Theorem 2. Throughout this section we use standard facts 
from linear algebra about linear transformations. For the convenience of the reader 
we very briefly outline the proofs. See reference [7], for an elegant, coordinate free 
presentation. We start from brief discussing of the notion of the degeneracy of a 
vector field. 



3.1. Degeneracy condition 

Using the fact that an n x n matrix A is nilpotent iff = 0, we can give a 
definition of degeneracy that is equivalent to the previous one, but more robust. 

Definition 2. The vector field no is degenerate iff ^ ^ = 0. 



Let f{x) = f{uo{x)). Consider the characteristic polynomial of the ma- 

dx ’ 

Xx(A) = det(§i - Al) = (-A)" + i-\r-^h{x) + • • • + In{x ) . 



Expanding the determinant, we obtain 


(a_h^ 


dh, \ 




dxi^ 


dxik ' 


h{x) = 








df\ 


^f^k i 




\dxi^ 


dXi^ ) 
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Using the Jordan form of the matrix we see that if is nilpotent then 

all Ij{x) are zero numbers. Prom the Hamilton-Cayley identity (any matrix is a 
root of its characteristic polynomial) we get the converse. Thus we have that the 
matrix §^(x) is nilpotent iff h{x) = ■ - = In{x) = 0. We got another equivalent 
definition of degeneracy which we will use subsequently: 

Definition 3. The vector field uq is degenerate iff Ik{x) = 0 for all fc G {1, . . . , n}. 

We also note that if m < n, then the matrix ^ has rank ^ m, so for 
k E[m-\-l,n] we have Ik{x) = 0. 

Lemma 3. For each fc = 1, . . . , n we have Ik{x)dx = 0 . 



Proof. We need to show that 

f det {§^{x) + Xl)dx = (3.2) 

Jjn 3 

Since both the left hand side and the right hand side are polynomials in A, it is 
sufficient to prove this equality for all integer A. We write ^{x)+Xl = where 

the vector valued function is defined by the formula ^{x) = f{x) + Xx. Since A 
is an integer, then this function defines a map from to T’^. Since ^ is homotopic 
to the map x Xx on torus (a homotopy is given by ^t{x) = tf{x) -f Ax), 
we have deg^ = deg{x Ax} and hence deg^ = A’^. Using the formula 




(see [3], II, chpt. 3) we arrive at (3.2) (since fjn dx t^). □ 

It follows that any potential degenerate initial state is constant. Indeed, if 
f{uo) = VU then the function U : E necessarily has no more than linear 

growth (because f{uo{x)) is periodic) and is also a harmonic function (because 
AU{x) = div f{uo{x)) = Ii{x) = 0); so U{x) = Bx + c where B and c are a 
constant matrix and a constant vector, respectively. 

Consider the case n = 2, i.e., dimx = 2. 



Theorem 3. Let n = 2. Then the vector field Uq is degenerate ijf there exist a 
function IK Q>nd real numbers bi, b 2 , ci, and C 2 such that 



{/(Mo(a:))}i = b 2 (po{hxi + 622:2) + ci, 
{/(uo(a;))}2 = -bupoibixi + b2X2) + C2. 



(3.3) 



Proof The sufficiency is trivial. Indeed, if the vector field /(wq(x)) has the form 
(3.3), then the Jacobi matrix 



(dfi{uo)fdxi dfi{uo)/dx2\ _ fbib2iPo bltp'^ \ 
\df2{uo)/dxi df2{uo)/dx2j ~b2biiPoJ 



is nilpotent. 
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Necessity. Let ci and C 2 be the mean values of fi{uo{x)) and / 2 (tto(a?)), 
respectively. Since div/(t4o(a?)) = 0, there exists a function ^ R such 

that rot-0 = f{uo{x)) - (^^), where roti/^ = (_o^/axi)- function 

'0(xi,X2) is T^-periodic, and hence bounded. Since the determinant of the Jacobi 
matrix of f{uo{x)) is zero, we have that determinant of the Hessian of -0 is zero. 
Consider the graph of the function -0 in K^. The Gaussian curvature of this surface 
is given by the formula (see [3], I, chpt. 2) 

^ _ i^xx4^yy ~ 

(1 + 02 02)2 • 

Therefore, K = 0. Now we use the fact that any complete surface of constant zero 
Gaussian curvature is a cylinder over a flat curve (see [13]; [14], chpt. 5). Since the 
function 0 is bounded, every generator of this cylinder is a horizontal line, hence 
it’s equation can be written in the form 

{ biXi + 62^2 = const, 
z = 0 (const). 



We conclude that 



0(xi,X2) = 0(61X1+62X2) 



and (3.3) follows with (fo = 0'. 



□ 



Corollary 2. Suppose, m = n — 2, f{u) = u, and h = 0; then the solution of the 
Cauchy problem (1.1), (3.3) remains of the form (3.3); 

u{t,x) = +^ 2 X 2 ) + ^^^) 

where the function (p satisfies the equation 

V>t + {biCi - b2C2)(f' = ( 6 ? + b%)vip". 

In this case we have ^/-independent upper bounds for derivatives of the solu- 
tion. 



Further on we shall use the polynomial 

Px{t) = t^X£c(^) = det(6^j + l^t) = 1 + I\{x)t + l 2 {x)t^ -1 h In{x)f^ , (3.4) 

rather than a characteristic polynomial. 



3.2. General idea 

In this subsection we present an auxiliary theorem from which we then derive 
Theorem 2. This auxiliary theorem is technically complicated. Here we deal mainly 
with general ideas, and postpone the technicalities to the next subsection. 

We denote the right hand side of (2.1) by gp. 
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Theorem 4. Let f : be a -smooth map and let Uq:T'^ be a 

-smooth vector field. 

1) If Uq is non- degenerate, then there exist T = T{f,Uo) < oo and c = 
c{f,Uo) > 0 such that for any -smooth vector field u : [0,T] x ^ R^ with 
u{0,x) = Uq{x) we have 

/ sup \g{r,x)\dr ^ c, (3.6) 

Jo £c€T’^ 



where g is given by (3.5). 

2 ) If Uq is degenerate, then there is a -smooth vector field u : [ 0 ,+oo) x 
jn ^ u{0,x) = uq{x) and gi{t,x) = 0 . 



Proof. 1 ) Without loss of generality it can be assumed that u{t,x) is defined for 
all t 0. Consider the fiow on the cylinder x [0, oo) generated by the vector 
field f{u). In other words we consider the Cauchy problem 



with the initial state 7 ( 0 ,^) = Here ^ is the Lagrange coordinate of the fiow 7 . 

For any fixed time t we have a map 7 (t, •) * Since 7 (t, •) is a 

continuous family of diffeomorphisms, equal identity for t = 0, then its Jacobian 
is everywhere positive. 

Combining the chain rule and (3.5), we obtain 



Suppose g{-) = 0; then /(«(t, 7(^,0)) = /(«(0,7(0,^))) and 7 (t,^) = 
where 

^) = ^ + tf (uoiO) . (3.7) 

It follows that if the function g is small, then the fiow 7 (^,^) is close (in the 
C^-norm) to the map (3.7). For a detailed proof of this fact, we refer to the next 
subsection. For the time being we simply note that this is a consequence of the 
following inequality: 



\u{t,7{t,^))-u{0,rf{0,^))\^ [ sup |g(r,a:)|dr. 

Jo xeT^ 



Since for each k = l,...,n, we have Jjri Ik(x)dx = 0 (see lemma 3) and 
since some of the Ik are not identically zero (due to the non-degeneracy of Uq), 
we obtain that there exists a point x* G and a number / G [1, . . . , n] such that 
Ii{x^) < 0 and Ik{x'*') = 0 for k > 1. 

The Jacobian of (3.7) is expressed by polynomial (3.4). For the time t = T 
at the point ^ = x*, we have 

det (1^1 ) = Px*{T) = 1 + h{x*)T + h{x*)T^ + ■ ■ ■ + h{x*)r . 

l=Z* 
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We take large enough time T such that this Jacobian is negative. Suppose that 

/ sup \g{r,x)\dT < c, 

Jo 

where c is a small enough number; then the map 7 (T, •) is close to the map 
7 ^(T, •) with a negative Jacobian at the point x*. Taking c small enough we have 
a contradiction with the positivity of the Jacobian of the map 7 (T, •). (See the 
next part of this section for more details). 

2 ) Consider the map (3.7). For any fixed t we have a (C^-smooth) map 
7 ®(t, •) : ^ T’^. We note that this map is a (C^-smooth) diffeomorphism of the 

torus iff the Jacobian of 7®(t, •) is everywhere positive. Indeed, if this map is 
a diffeomorphism, then the Jacobian is not vanishing, hence it has the same sign 
for all points, and this sign is positive since the map is homotopic to the identity 
map. If the Jacobian is everywhere positive then by the inverse function theorem 
we have that 7 *^(^, •) is a (local) diffeomorphism in a neighbourhood of any point. 
Since the Jacobian is everywhere positive, the number of preimages of any point 
z is finite and equals the degree of the map. (see [3], II, chpt. 3). On the other 
hand, the degree of the map 7®(^, •) is equal to 1, since this map is homotopic to 
the identical map 7*^(0,-). (see [3], II, chpt. 3). Hence each point z has a unique 
pre-image ( 7 ®)“^(t,z). 

The Jacobian of the map 7®(t, •) at a point x is expressed by the polynomial 

(3.4): 

(^) = 

If Uq is degenerate then Px{t) = 1. Hence the vector field 

u{t,x) = 

is well defined and satisfies dfU + = 0 as the second part of theorem 4 

states. □ 



Let us turn to the proof of Theorem 2. Let u satisfy equation (1.1). Suppose 
that H{t) < |, where H{t) is defined by (1.3); then we obtain 

rT 



/ sup |z/An(r, x)| dr > - . 
Jo xeT^ 2 



Hence we have inequality (1.7) for fc = 2 with the constant V 2 = We now fix 
the index j to the value for which the maximum in (1.7) for A; = 2 is achieved. For 
this index we have 



1 




1 d^u / 1 


T , 


/ sup 

lo £ceT^ 





To complete the proof we need the interpolation inequality 



< Cfc,2 \u( 
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For its proof with the best possible constants for the ID case {m = n = 1) see [10]. 
The case of arbitrary dimensions can be reduced to the ID case by considering the 
function v{xj) = where = x^{r) G 

is the maximum point of the 1 (r, x) | and a is a constant unit vector in 

proportional to (r, a;®). We note that this reduction preserves the Kolmogorov’s 
constants. 

Using (3.9) and inequality (2.2), we obtain 



I ( 
I dx^ ' 






d^u 

dx^ 



-L'oo 



v/3(|«ol + ^f(r))‘ 



(3.10) 



Here we have used the inequality ^ \/3, which can be easily proved 

using Kolmogorov’s explicit representation (see [10]) via the Holder inequality. 
Integrating (3.10) we obtain 



1 f |^(r dl 

T Jo 



Uo\&r,)\rdr 



fc /2 



dr > 



V3{\uo\ + H{T)) 

1 r'^ld^ 



k-2 

2 



7-0 



> 



VS{\uo\ + H{T)) ^ V^{\uo\ + H{T)Y 

This concludes the proof of (1.7) for k > 2 with the constants 

( 2 ^)" 



rk 



VS{\uo\ + H{T)Y 



(3.11) 



In the next subsection we will specify the values of T and c (see (3.16) and 
(3.33) respectively). 



3.3. Technicalities 

In this subsection we introduce a more general approach to the estimates of The- 
orem 2 which applies to the non-periodic case. Prom the previous subsection we 
already know that the crucial condition for Theorem 2 is the “negativity” rather 
than the non-degeneracy of the matrix Let u : [0, 00 ) x R’^ R^ be a 

C^-smooth vector-valued function and / : R"^ R^ be a C^-smooth map. In this 
subsection x = (xi, . . . ,x^) are coordinates in R^. 

We define gi : [0, 00 ) x R’^ ^ R, (i = 1, . . . , m) to satisfy: 

^ ^ fj ('^ 1 5 • • • 5 '^m ) ^l-) ' ' ' ^n) • 

j=l ^ 



(3.12) 
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Let f{x) = f{u{0,x)). If this function is C^-smooth then we consider the 



\f\l = sup 



dxjdxk 



For any u G the derivative Vuf : 
domain E C we denote 



V' is a linear map. For any 



|||V„/||£ = sup II V„/|| = supmax|(V„/)u|, (3.14) 

u£E uGE l^l-l 

where ^ We note that for the Burgers’ (=NS’) nonlin- 

earity (i.e., m = n and f = u) we have |||^/||| = 1. 

Theorem 5. Suppose that u : [0,oo) x and f : E^ are C^- 

smooth. Let e he a positive real number and I G { 1 , 2 , ... ,n}. Suppose that there 
exists x^ G E’^ such that //(a?*) = — ^ < 0 and that for k = I + we have 

= 0, where li are defined in (3.1). Let 

i/ii = ^(®*) > 

where f{x) = f{u{0^x)) and let 

(3.16) 

Then there exists a positive function C 2 (ci ) such that if 



/ sup |g(r,a:)|c(r < Cl , 

Jo ®eK" 

/ (T - r) sup \g{T, x)\dT^ 02(01) . 

Jo £cGM’^ 



If the function f is -smooth and the norm (3.13) is finite, then one can take 
C 2 (ci) = ^ = — . (3.19) 

n2n-2(|/|,T)2n-2^ ||| V^/|||B(|no|+ci) l/b^ 

Here B{r) denotes the ball in E"’^ of radius r in the Euclidean norm, centered at 
the origin. 

Proof. First of all we note that f{u{t,x)) and -^f{u{t,x)) are a continuous vector 
function and a continuous matrix function, respectively. It follows from this that 

1° 3! solution of the Cauchy problem for the following ODE in R^: 

il(t,^) = f(u{t,^)), (3.20) 

with the initial state 7 ( 0 ,^) = ^ € K". 

2° This solution 7 € Ci([0,T] x M";R"). 
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3° This solution satisfies det = exp/J X)"=o > 

see [8]. 

The positiveness of the Jacobian in 3"^ implies inequality (3.18). The rest of 
this subsection is devoted to proving this fact. 

In the proof of Proposition 1 below we will use the fact that there exists 
a continuous second derivative ^7(^,0- This follows from the existence and 
continuity of the first partial derivative ^f{u{t,x)). 

For the quantities (3.1) we have: 

\h\^H)km\l (3.21) 

Indeed, the right hand side of (3.1) contains (^) terms and each of them is no 
greater than Heie we have used the fact that the volume of a fc-dimensional 

parallelepiped with sides of length less than or equal to \/fc|/|i is no greater than 

(Vfci/ii)''- 

In the proofs of Propositions 2 and 3 below we will use the inequality 

T|/|i > 1 . (3.22) 

It follows from (3.16) and (3.21) with k = I since s = |/^(x*)|. 

We fix T at the value given in (3.16). For any t, ^{t,x) defines a mapping 
from into itself. We take t = T and decompose this mapping as follows: 

ji{T,x)=pi{x)+qi{x), i n. (3.23) 

Here p{x) comprises the zeroth and the first terms of the Tailor expansion: 

d 

Pi{x) = 7i(0, x) + ^7i(0, x)T = x + f{x)T . (3.24) 

The remainder of the Tailor expansion can be represented as 

9i(®) (T-r)^ 7i(r,a;)dr. (3.25) 

Proposition 1. For the Euclidean norm of the vector q we have: 

\q\^ |||V„/|||b(|u„|+ci) f (T-r) sup \g{T,x)\dT. (3.26) 

Jo 

We recall that | • | denotes the Euclidean norm. 

Proof. Combining the chain rule with (3.20) and (3.12) we have 

^Ui{t,j{t,x)) = gi{t,-y{t,x )) . 

Using this equality and assumption (3.17) we obtain that the function u takes 
values in the ball H(|no| + ci) if t ^ T. We calculate the second derivative of 7^ 
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(for i = 1, . . . ,n): 

j2 j ^ fi -f 

^7i(r,a:) = a?)) - {(V„/)g}^ . 



i=i 



From this formula we obtain 

< |||V„/|||B(|„„l+ei) sup |g(r,a;)|. 

Multiplying this inequality by T - r and using (3.25) we arrive at (3.26). □ 

Consider the linearization of the map p at the point (we recall that is 
the point where the leading non zero Ik is negative): 



Pi{x) = Pi(a:*) + -~{x*)AXj + (piiAx) , 



(3.27) 



• 1 - 7 

J = 1 

where ax = x - x^ and (p{Ax) = o(ax) 
We need to investigate the matrix 



A = ^ 

^ dx 






^ \x=x* 



(3.28) 



which is the linear part of the right hand side of (3.27). 



Proposition 2. The determinant of the matrix A is negative and bounded away 
from zero: 

det A ^ (3.29) 

Proof. The determinant is expressed by polynomial (3.4): det A = P^^{T). Using 
(3.21) we have 

det^ < + ■■■+(, :J(/-l)('-i)/2(Tl/|i)'-i-eT' 

< i2”/'/2(T|/|i)'-i -eT' = r'-i(i2”/'/2|/|*-i 

Using (3.16) we arrive at (3.29). It remains to explain inequality (*). For I = 1 
it follows from the trivial inequality 1 < 2"“^ For 1 ^ 2 we use the simple fact 
(Z — l)('“i)/2 ^ 1/V2 inequality (3.22) to get 

1 + (”)i'/'T|/|i + . • • + (,:j(z - i)('-')/2(r|/|i)'-i 

< ((o) + (?) + ••• + G-i))a - l)^'“'^^'(T|/|i)'-i < 2"i/'/2(T|/|i)'-i. 

□ 



Proposition 3. With the matrix norm 



11^ 



-iii-i 






we have 
HI2 



u"-i(r|/|i)"-' 



(3.30) 




16 



A. Biryuk 



Proof. Since the numbers ||A“^|| ^ and ||A||^ are, respectively, the minimal and 
maximal eigenvalues of the matrix we have ||^~^|| ^ ^ |det A\ 

Using the inequalities ||A|| < nmaxij \Aij\, \Aij\ ^ 2T|/|i (the second inequality 
follows by (3.28) and (3.22)) and (3.29) we arrive at (3.30). □ 



Since 0 z(acc) = o(ao;), where (/)i{^x) is the remainder term in (3.27), there 
exists r > 0 such that 






for IaccI ^ r. 



(3.31) 



Consider the sphere Sr{x'*') with the centre at the point x* and with the radius r. 



Proposition 4. There exists Xq G Sr{x*) such that \q{xo)\ 

Proof Suppose that \q\ V on Sr{x*). Let p{/^x) = (/>(ax) + q{x* + 

AOj). Then due to (3.23) and (3.27) we obtain: 

7(T, x^ + ax) = p{x'^) + Aax + p{a.x) . 



We recall that x'*' -\-ax = x. Using the inequality \p{ax)\ < \\A ^ || r and (3.30), 
we have 

\Aax\ ^ ||A“^|| ^ |acc| > |p(Aaj)| for |acc| = r , i.e., x G Sr{x *) . 

Prom this inequality it follows that the Gauss spherical map P : Sr{x*) — > S\{0) 

f » + '>;-») (3.32) 

\AaX + p{ax)\ 

is well defined and is homotopic to the map 

Aax 



AX I 



I A ACC I 



Hence the degrees of these maps coincide and are equal to sign det A = — 1. (see [3], 
II, chpt. 3). On the other hand, the map (3.32) can be written as 

7(cc^ + ACc) - p(aj*) 



AX I 



\'y{x* + ax) - p{x*)\ * 

Since the Jaeobian of 7 does not vanish, then the degree of this map is equal to 



sign det 



y€7 ^ip{x*)) 
yeB{r)-\-x* 



\ 



\^=yj 



(see [3], II, Chpt. 3). This number is nonnegative, so we got a contradiction which 
proves Proposition 4. □ 



Using (3.26) we arrive at (3.18) with C2(ci) = 



2 |||^/|||b(|-uoI+ci) ■ 
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Suppose that the function / is C^-smooth and the norm (3.13) is finite. Then 
the remainder term ^^(ax) can be written as 

n ^2 

0i(Ax) = / {I - 0) 6Ax)AXjAXkdO. 

Jo . axjdxk 

Hence 



n n 



i=l j,k=l ' 



dxjdxk 



{x* + 6AX)ddAXjAXk 









. ^ \dxjdxk 



X* + 6ax)j dO {AXjAXk)^ ^ • 



Now we see that (3.31) holds with 



2I/I2T 

and (3.19) follows. Theorem 5 is proved. 



Using the inequality 



^ sup|g(r,-)|dT ^ (T-r)sup|5(r,-)|dr 



we obtain sup \g{r, *)| dr ^ c with 



c = sup min | Ci , | . 



Let u(0, x) be periodic with compact fundamental periodic domain T. It 
follows that Jj Ik{x)dx = 0 (see Lemma 3); so our theorem is applicable for 
the periodic case iff not all Ik{x) are identically zero. In this case we can put 
I = max{k G 1,2, . . . ,n : 7/e ^ 0} and e = — min//(x). 

Hence, we have proved Theorem 2 with Vk as in (3.11), and c as in (3.33). 



4. Fourier coefficients 

In this section we present some results concerning behaviour of the Fourier coef- 
ficients of solutions for equation (1.1) which follow from what we have proved in 
the previous sections. These results are consistent with the so-called Kolmogorov- 
Obukhov (K-0) spectral asymptotics. 

The K-0 spectral law concerns distribution of the Fourier coefficients Vs{t) = 
fjn v(t,x)e ^ dx of a velocity field v{t,x) which describes turbulent mo- 
tion of 3D fiuid with small viscosity. Due to the law, there exist non-negative 
constants ki < K 2 and x such that for (^)^^ < |s| < (^)^^ (the inertial range) we 

have (|Ssp) ~ ke., the energy supported by wave-numbers Vg on the 
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sphere {r- Const ^ |s| ^ r + Const} behaves as Here (•) denotes averaging 
over time and over a band of wave vectors. For \s\ > (the dissipation range) 

the quantities \vs\ decay faster than any power of j^. The theory does not say 

much about the energy range \s\ < (see [5], Chpts 5, 6). The quantity is 

called the Kolmogorov dissipation scale and x is called the exponent of the K-0 
law. 

Here and subsequently, |s| stands for the Euclidean norm of an integer vector 

The K-0 law is an heuristic law which applies to motion of 3D fluid, i.e., to 
solutions of the 3D Navier-Stokes system. Below we prove some rigorous results 
for solutions of the generalised Burgers equation 1.1, which is a K-0 type spectral 
law. Roughly, we show that for time-averaged squared Fourier coefflcients of the 
solutions we have /^2 ^ [|?1] a,nd x > 1. Under the additional assumption < 
we obtain the upper bound for the exponent of the spectral law: x ^ 2[^] +5. 
Under the assumption ^ we have x ^ x(/^i), but our estimate x{p) blows 
up to inflnity as p ^ . 

In [1] it is shown that for the ID case the Kolmogorov dissipation scale is 
equal to u (i.e., /^2 = 1) and the exponent of the spectral law is equal to 2. 

4.1. General situation 

In this subsection we prove general lemmas, which provide information on the 
Fourier coefficients, if we know upper and lower bounds for the Sobolev norms. 
First steps in this direction were made by Kuksin [12] and most of the ideas in this 
section actually guided by the [12]. However we are adopt here a slightly different 
presentation and present some alternative proofs. 

Lemma 4. Suppose that there exist real numbers k ^ 0, p"{k), c'l > 0 and a set 
C (0, 1] such that for any v G we have 

y; < 4 (4.1) 

Then for any positive real number y and any v G T'^' we have 

««(^) ^ (4.2) 

\s\'^y 

Proof. For any positive real y we have 

5] a* ^ ^ y~^'" Y 

\s\^y \s\-^y s€Z" 



Using (4.1) we arrive at (4.2). 



□ 
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As a corollary, taking y = for any positive real numbers 2 : and Ai < 

A 2 ^ +00 and any u G T'l we have 

5; aliu) < 

Lemma 5. Suppose that there exist real numbers 0 ^ fei < k < k 2 , p"{ki), p'{k), 
p"{k 2 ), > 0, c'^, > 0, c'l^ > 0 and sets C (0,1] such that 

^ \sf^^al{n) ^ 4', for any v e T^',, i = 1,2 (4.3) 

se’i^ 



Yh ^ 4 for any v € T(,. (4. 

Then for any fi G (0, 1) and any real A ^ A{y) and B ^ 5(z/) where 

/ 1 P^(fc)-P^^(fcl ) _ 1 p" jk2)-p' jk) 

yl ( l /) = ( 11 ^) 2 '=-^'“! ( 1 ) ‘^-‘■1 5 ( l ,) = ( 1 ^) 2 . 2 - 2 . . 2 -. 

and any v G n T'^, n we have 

Y (4- 

24 <|s|<B sez^ 

Proof. For any real A > 0 and B > 0 we have 

Y |s|2''ia2 ^ ^2fc-2fc, ^|^|2fc,^2 

|s|<A Isl^A SGZ 



\s\‘^^dl ^ ^ ^ 52 fc- 2 fc 2 |g|2^ 

|s|^B s€Z 

Under the condition A ^ A(i/) for any i/ G fl T'^ we get 

jsj^A sGZ 

Under the condition B ^ 5(z^) for any i/ G T'^ fl T'^'^ we get 

Y ^ f4 (4)""''^''^ ^ f 

|s|^B seZ 

and (4.6) follows. 



Due to the inequality 



ko — k k — k-t 



Sk < , 



(4.7) 
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where Sk = Skiiy) = \s\‘^^al{iy), it follows that A < B. If the closure of 

the set T'l^ Tf'fc contains zero, then the powers p" and p' in (4.3) and (4.4) 
satisfy the following convexity property 



p'{k)-p"{ki) ^ p"{k2)-p'{k) 
k — ki ^ k2 — k 



(4.8) 



or, equivalently, 

< (fc - ki)p"{k2) + (fc 2 - k)p"{ki) 



(4.9) 



The above two lemmas will be used to obtain bounds for the distribution of 
the Fourier coefficients of a function u such that \\u\\l e 
for each k. 

We believe that for solutions of many types of PDF’s and, in particular, for 
solutions of ( 1 . 1 ) we have p'(fc) = p"{k) and in (4.8) and (4.9) we have equalities. 
According to numerics of D. Jefferson (see [ 6 ]) this is the case for the complex 
Ginzburg-Landau equation. Moreover, for ID Burgers-type equations this result 
is proven analytically (see [1]). In the case of equality in (4.8) and (4.9), lemma 5 
allows to write the lower estimate for the narrowest (in terms of powers of viscosity) 
layer of the wave-numbers. Moreover, there is an upper bound for the sum over 
the same layer which coincides (in terms of powers of the viscosity) with the lower 
bounds. Indeed, using (4.7) we obtain 



E 

A<|s|<B 






^ (4'i)^^(c'4)^ ( 



1 / ) ' 






while by lemma 5 we have 

A<\s\<B 



Under assumptions of Lemma 5 we cannot, in general, expect any lower bound 
outside the layer A < | 5 | < B. Indeed, let 7 > 0 and h be any real numbers and 
suppose that Sk{'t^) ^ ^ Then the coefficients 

al(iy) could be as follows: 






for s = ([^], 0 ,..., 0 ), 
0 otherwise. 



To connect the results obtained with the turbulence theory we give a possible 
rigorous definition of K-0 type law and then obtain bounds for two the most 
important parameters of the law. 

Definition 4. We say that positive quantities aKu) obey a. K-0 type spectral law 
if there exist positive real numbers z^o, ^ ^^ 2 , >^5 c, C, Ci positive real functions 
cTi(z^) and ( 72 ( 1 ') such that log(aAz^)) = d(log(z^“^)) as z/ ^ 0 (and sup < 1 if 
= 1 ^ 2 ) such that for any z/ E ( 0 , z/q) we have 
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1- Er-C,<|«|<r+Ci r > ai(l/)(i)''^ 

2- Er-Ci<|s|<r+Ci ^ for CTi(i/)(i)''' < r < 

3. There exist function (p{k) = d{k) ask oo and positive functions C(fc), u{k) 
such that for any sufficiently large fc, any r > 0, and any u G (0, z/(fc)) we 
have 

^ C{k) (4.10) 

\s\^r 

We will interpret the quantities a^(z/) as the Fourier coefficients of a family of 
functions depending on the parameter u. Then the first and the second conditions 
means that the i 2 -norm that is carried by the modes on the sphere of radius 
r, up to constants, behaves as r~^ for wave numbers r from the inertial range 
ri{u) < r < r 2 {u). While for r ^ r 2 y) we have an upper bound only. The third 
condition, in particular, means that for fixed u the sum Yl\8\>r^3(^) becomes 
small for r > and decays faster than any finite power of 1. Also it says that 
for any £ > 0 and M > 0 the quantity J 2 \ 8 \^u-^ 2 -^ decays faster than 
as u ^ 0. 

Below we give a simple sufficient condition which implies (4.10). This condi- 
tion covers the case of linear dependence of the power of the viscosity in the upper 
bounds for Sobolev norm (see (4.1)) on the its number. 

Proposition 5. Suppose that for any k > 0 and any v G (0, 1) we have 
y,\s\‘^^a1{i/) ^ . Then (4.10) holds with C{k) = c'^'^ 2 ? — Q 

u{k) = 1. 

Proof. Follows from Lemma 4. □ 

Lemma 6. Suppose that the quantities obey a K-0 type spectral law in the 
sense of Definition 4. Then the values h and K 2 are uniquely defined. 

Proof. The statement about x is obvious since the interval z^“'^^<T 2 (i^)) 

is non-empty for small u. The second statement follows from the relation: 

k .2 = inf{K : VM the sum ^s(^) decays faster than as u 0}. 

\a\>iy-^ 

(4.11) 

□ 

The number x is called the exponent of the K-0 law and the number k >2 is 
the power of the Kolmogorov dissipative scale. The quantity Kolmogorov 

dissipative scale. 

The value ki (as well as c, C, C\ and z/q) is not, in general, uniquely defined. 
For example if ki < K 2 then we can replace with any real number in (z^i, /^ 2 ]- 

Lemma 7. Let us assume that we are given: 
i) real numbers p, z and 0 < hi ^ /z 2 / 
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ii) positive real functions cri(z/) and (J 2 {y) such that log{ai{i')) = o(log(z/ ^)) as 
u ^ 0 {and sup < 1 if hi = /i 2 ). 

Suppose that the inequalities 






x^dx ^ C"iy-P 



/ <Ti (u) 



^dx > C'p-P 






hold with some positive constants C" and C' for a set T of values v that contains 
0 in its closure. Then 



^ - 1 /or p > 0, 

2 < -1 for p = 0, 

z < —1 forp = 0 and hi < /i 2 , 

/or p < 0, 



b) 

^ -I /or p > 0, 

2^—1 forp = 0, 

-^-1 forp<0. 



Proof For the brevity, we write ai and 0^2 for cri{u) and 0 ^ 2 (^). It is clear that 

— h*2 

for small enough 1 / (such that 1 < aiiy~^^ < o’ 2 ^~^^) the integral x^dx 

increases with 2 . The rest of the proof follows from the following direct calculations: 






if 2 > -1, 



{h 2 -hi)\og{v + log((J 2 /cri) 



z-\-l -hi{z-\-l) 

2+1^1 ^ 






Lemma 8. a) Under the assumptions of Lemma 4 suppose that T^' 3 0 and that 
the quantities 0 ^( 1 /) obey a K-0 type spectral law. Then 

H^-^£^ + 2k + l ifp"(k)>0, 

x>l + 2fc ifp"{k) = 0, 

x> l + 2k ifp"{k) = 0 and ki < K 2 , 

x>-2^^+2fe + l ifp"{k)<0. 

Kl 

b) Suppose that there are real sequences {ki} and [I'iki)}, ki 00 , such that 
Lemma 4 holds for any k = ki with T^', = (0, iy{ki)). Then 

K 2 ^ liminf (4.12) 

Proof, a) By condition 2 of Definition 4 we have 

^ \s\‘^'^dl{iy)^ const for < r < 0 - 2 ( 1 /) 

r— Ci<|s|<r+Ci 
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Hence (with a different constant) we have 

> const ( x^^~"^dx. 

Using assumption (4.1) we obtain the following inequality (again with a different 
constant) 

/ x^^~^dx ^ const 

Now we apply Lemma 7.a with z = 2k - x, p = 2p"(fc), = /^i, /i2 = ^2, and 

T = T'^' n (0, uq ) to complete the proof of the first part of the lemma. 

b) We prove that for any 7 ^ lim inf condition 3 of Definition 4 holds 
if the value k ,2 in (4.10) is replaced with 7. 

To do this we take a subsequence {kj.} such that lim inf ^-4^ = lim 

Then 

max{0, ^-4^ - 7} = 5(1) as i -> 00. (4.13) 

Now applying (4.2) for each k = kj. we obtain 

^s(^) ^ C'(2fcjJ {riy'^) for any i and any jy G (0, z/(fc^J). 

\s\^r 

(4.14) 

where C{2kjJ = c'^. and (f{2kj.) = max{0, 2p"(fc^J - 2fc^.7} (= o{2kj.) due to 
(4.13)). Using the interpolation we see that (4.14) holds when 2k j. is replaced 
with any fc ^ 0 (and the functions C(-) and (/?(•) are determined according to this 
interpolation). It follows that /^2 ^ 7- Hence K 2 ^ lim inf . □ 



Lemma 9. a) Under the assumptions of Lemma 5 suppose that T'^'^ fl fl 3 0^ 
and that the quantities dl{u) obey a K-0 type spectral law. Then 



1^2 ^ 



P\k)-p"{k,) 
k ~ ki 



(4.15) 



b) If, in addition, we have k,i < - then 



X ^ - 



iin| 



V(fe) 



min< k .2 



P" (k2)-p' W 



+ 2k + l ifp'{k) > 0, 



X ^ 1 + 2/c 'lfp\k) = 0, 

X ^ —2p (fc) p'(^k)-p'\ki) + 2A: + 1 if p'{k) < 0. 

Proof, a) We denote p_ = and p+ = To prove (4.15) we 

show that for any e > 0 the sum decays as z/ -> 0 not faster 

than some finite power of i/. 
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Fix any e > 0. Then for small enough v such that < A{u) (the 

quantities A{u) and B(z/) are defined by (4.5) with fj. = 1/2) due to Lemma 5 we 
have 



^ Y 1 

> (5(b))-2'= I 

A{u)<\8\<B{u) 



sf^ai{u) ^ const u 



2kp^—2p'(k) 



b) Let B^{u) = min{B(z/), u (« 2 +e)| First we claim that for small enough u 
we have 

\s\^^al^ const 

A{iy)<\8\<Be{iy) 

Indeed, if B{u) ^ the inequality directly follows from Lemma 5. 

If B{iy) > ^Fen it follows from Lemma 5 and the fact that the sum 

Z]|s|>i^-('" 2 +£) decays faster then any power of u. 

The assumption /ci < p- implies that for small enough u we have 
< A{u) and so, by the condition 1 of Definition 4, we have 



^ const 

A{l^)<\8\<B,iu) 

This inequality and the claim above imply 



Be{y) 



J A{u) 



J2k—>i 



dx. 



Ja{u) 



> const 



Now we apply Lemma 7.b and take the limit g: ^ 0 to complete the proof of the 
second part of the lemma. □ 



4.2. Back to the Burgers equation 

Here we apply the results of the previous subsection to estimate distribution of 
the averaged Fourier coefficients for solutions of (1.1). 

For the sequel we note that if 



Qn - [f] + 1, 



(4.16) 



then for any vector- valued function u on the torus any k ^ qn-\- 1 and any 
index j we have 



u 



\l > K 



gfc-qn^ |2 

I Loo ■ 



(4.17) 



where 

s€Z"\{0} 
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Lemma 10. Let u = u^{t,x) be a solution of (1.1) with an initial state Uq. 

i) Let i/Q T be any positive numbers. Then for each fc > 0 there exists 
Ck = Ck{T, i/q) such that for any positive u < uq we have 

^I^WuWldt^Ckilf. (4.19) 

ii) Suppose that uq is non-degenerate. Let T = T(/,t^o) be given by (3.16). 
Suppose that the forcing term h in (1.1) satisfies the condition H{T) < where 
c is given by (3.33). Then for any integer k^2-\- Qn and for any u > 0, we have 

(4.20) 

Here rk, Qn CL'^d Kn is given by (3.11), (4.16) and (4.18), respectively. 



Proof, i) Using (1.6) we arrive at (4.19) with 

( 0 ) 2^0 5 R ^( 0)2 ^0 /• 

ii) Using inequality (4.17), the Cauchy-Schwartz inequality and Theorem 2 
we obtain: 



T 




u 



lldt^Kl^J^ 







>K: 



2 k-Qn 



Qn 



□ 



Consider the orthonormal basis on L 2 (T’^), formed by the exponents es(*), 
s G where 

es{x) = ^exp(^2^) . 

The Fourier expansion of u{x) has the form 



u{t,x) = Ua{t)ea{x) , 

sez^ 



where 




u{t, x)es{x)dx . 



For the Sobolev quasinorm || • \\k (1.5) we have ||tx||| = . 

Suppose that the initial state Uq is a non-degenerate vector field. Consider 
the corresponding solution of equation (1.1) and define the quantities a^(z/) by the 
formula 



where T = T(/,no) is defined by (3.16). Then we have 

Ew“«» = (^) 

sez^ \ / 



(4.21) 



Lemma 10 implies that for any k and any u G (0, i^o) we have the following 
inequality 



sGZ” 



(4.22) 
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Under the assumptions of the second part of Lemma 10 we see that for any i> > 0 
and any integer ^ + 2 there is the inequality; 

(!)'-’• . ( 4 . 23 ) 

We recall that Qn = [f ] + 1 (4.16). 

Theorem 6. Let u = u^{t,x) be the solution of (1.1) with a non- degenerate initial 
state uq. Take T = T(/,ito) by (3.16) and consider the averaged Fourier coeffi- 
cients dl{u) given by (4.21). Suppose that the forcing term h in (1.1) satisfies the 

condition H{T) < where c is given by the right hand side of (3.33). Then for 

any k'^2-\-qn, where qn is given by (4.16), there exists Ck such that for any e > 0 
and any small enough v we have 

(4.24) 

For any fc ^ 0 and uq > 0 there exists Ck = Ckii'o) such that for any positive real 
numbers z and Ai < A 2 , and any u <uq we have 

a2(i.) ^ (4.25) 

Besides, for any y > 0 we have 

Y ^ C'fc(2/i/)“^'=. (4.26) 

\s\^y 

Proof, The quantities a^{iy) satisfy inequalities (4.23) and (4.22). Hence we can 
apply Lemmas 4 and 5 with p"{k) = k, p'{k) = k/2 — qn/2 for k ^ qn + 2, 
c'l — {^)^^Ck c'f^ = Choose A;i = 0 and k 2 > k such that 

^2 ~ (^/2 — 9 n / 2 ) 
h-k 

and iy{k,e,c'^,c'f) such that for any positive 1 / < u{k,e,c'-,c'f) we have 

(i)i---^<i(.) and B(^) > (i)^+% 

where A{iy) and B{u) are defined by (4.5) with fi = 1/2. Now we apply Lemma 5 
to obtain 

Using the inequality 

we arrive at (4.24) with constk — c'i^/2. 
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Using inequality (4.22) and Lemma 4 we arrive at (4.25) and (4.26) with 
Ckii'o) = Cfc. □ 

Under the assumptions of Theorem 6, we have the following conditional re- 
sult: 

Theorem 7. If the quantities defined by (4.21), obey a K-0 type spectral law, 

then the power of the Kolmogorov dissipation scale K 2 G [1/2, 1]. For the power of 
the spectral law x we have x ^ 1, and x > 1 if 

Suppose, in addition, that the energy range is small enough, that is /^i < 
\ — ^ for some integer k ^ Qn + 2 ; then we have x ^ k Qn + l. In particular, if 
Ki < then we have x ^ 2qn + 3. 

Proof For any fc ^ 0 the quantities al{u) satisfy inequalities (4.1) with p"(fc) = fc, 
while for k ^ qn + 2 the quantities al{iy) satisfy inequalities (4.4) with p'{k) = 
|(fc - qn)- By (4.12) we have K 2 ^ 1. Taking any ki in (4.15) and then passing 
fc — > 00 we obtain /^2 ^ Using Lemma 8. a with fc == 0 we obtain that x ^ 1 
and X > 1 if /^i < /^ 2 - If ^ fc ^ + 2, then by Lemma 9.b we 

have 

X ^ 2A; + 1 - 

Using the inequality /^2 ^ 1 we obtain x ^ fc + 1 + If this inequality holds for 
+ 2, i.e., if ^ ^ ^ + 3. □ 



5. Low bounds for spatial derivatives of solutions of the 
Navier-Stokes system 

In [2] low bounds of the Loo time-space norm of solutions of the nD free Navier- 
Stokes system are obtained. In this section we amplify those estimates to the case 
of Li in time of the Loo in space norm. 

The free Navier-Stokes system can be regarded as a special case of the equa- 
tion (1.1) when m = n, f{u) = u and h represent the gradient of the pressure 
term. This observation allows us to extend the results of previous sections to so- 
lutions of the Navier-Stokes system. 

In this section we consider the dynamics of a vector field u = u{t, x) on the 
torus ^ /ez^ described by the Navier-Stokes system: 

dtu + = uAu + Vp{t, x) , (5.1) 

divii = 0, (5.2) 

with a positive viscosity jy. We assume that the initial state u{0, x) = uo is C^- 
smooth. Let Tq = Tq{uq) be supremum of existence time-interval, i.e., the smooth 
solution of the system (5.1), (5. 2) exists for t G [0,Tq). There are lower estimates 

for To; for example, in the paper [11] it is shown that Tq ^ t,fl:^(i+mix{o,iogfl})^ ’ 
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where R = is the Reynolds number. It is clear that if Tq < oo, then 

\u{t^ OIloo ^ ^ ^ ^ ^0- 



Remark 1. Since the mean value of u is constant, then the spatial derivatives of u 
blow up with \u{t, •) Uoo • Due to this reason we assume that max I I = 

(X) for t ^ To and any fc ^ 1 . 



Theorem 8. Suppose that the initial state uq is a non- degenerate vector field. Then 
there exist a u -independent positive real numbers T and X 2 , X 4 ,. . . such that 

for any u > 0 and for any k'^2 we have: 



r 1 f 

max< max — / sup 
lj=l...n T J x^jn 



dx 






dt, max 

j=l...n 






(5.3) 



As the next result shows, the assumption of non-degeneracy cannot be re- 
moved. To show this we can restrict ourself to the 2D case since any solution of 
the 2 D Navier-Stokes system generates a solution of a higher-dimensional system 
by adding zeroth components of the field u and fictitious variables. The non- 
degeneracy is preserved by this operation. We remark that in the 2 D case the 
non-degeneracy is a necessary and sufficient condition for theorem 8 . 



Lemma 11. Let u be a solution of 2D Navier-Stokes system with a degener- 
ate initial state. Then for any t > 0 and k 0 we have max |ax(t, x)|^fc(T 2 ) ^ 
max |ti(0, and Vp = 0. 

Proof. In the 2D case any degenerate initial state has the form: 

Uo(x) = {_ll)ipo{biXi + b 2 X 2 ) + {ll) (5.4) 

for a suitable function and real numbers 61 , 62 , ci, and C 2 (see Theorem 3). 
In this case, the solution of the Cauchy problem for (5.1), (5.2) remains of the 
form (5.4): 

u{t,x) = {_h)ip{t,biXi + b2X2) + ill) , 

where the function (f satisfies the following linear parabolic equation with constant 
coefficients: 

(ft + {biCi — b2C2)(f' = (&i + bDi^^f" . 

Therefore derivatives of u are decreasing and Vp = 0. □ 



We note that in the 2D case the class of periodic solutions with degenerate 
initial state coincides with the class of periodic solutions with Vp = 0. (For the 
Euler equation this is true for any dimension, see Theorem 4) Indeed, if the initial 
state is degenerate, then Vp = 0 due to Lemma 11. To show the converse we apply 
the identity 



Ap{t,x) = - 2 l 2 {t,x), 



(5.5) 
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where Ik{t,x) are the coefficients of the characteristic polynomial of the matrix 

The degeneracy of the initial state is equivalent to the condition /i(0, •) = /2(0, •) = 
. . . = 7^(0, •) = 0. The coefficient 7i = 0 due to (5.2). 

The identity (5.5) is also valid in higher dimensions. For the proof one can 
take the divergence of (5.1), (5.2) and note that divV^u = —2l2{t,x). 



Proof of Theorem 8. As we will show, the assertion of the theorem holds for any u 
and p that satisfy (5.1) (we note that equation (5.2) is not used in our calculations). 
First, from theorem 2 we find T = T{uq). If Tq < T, then the left hand side of 
(5.3) is equal to infinity due to Remark 1. Suppose T < Tq. Then from Theorem 
2 again, we find c = c(txo) and = rk{uo) {k > 2) such that if 



1 

- sup |Vp(i,a:)|dt < f, 

J- Jo xeT^ 



then for any fc > 2 we have 



I fT ^ 

max - / sup 



dt > 



yfc/2 



If 



1 

- sup |Vp(f,x)|df ^ f, 
^ Jo xeJ^ 



then for any fc ^ 2 we have: 



1 k-i 

max - / sup || 3 ^(f,a:)|df 

j = l...n 1 Jq dx. 






0 = 1. ..nl In ^y/n' 

Inequality (5.3) is proved with the constant Xk = min{r/c, 2 £fe~iy^ }- 



□ 
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On the Global Well-posedness and Stability of 
the Navier-Stokes and the Related Equations 

Dongho Chae and Jihoon Lee 



Abstract. We study the problem of global well-posedness and stability in the 
scale invariant Besov spaces for the modified 3D Navier-Stokes equations with 
the dissipation term, —Au replaced by (— A)^u, 0 < a < We prove the 

2q; 

unique existence of a global-in-time solution in B2 i for initial data having 

. ^ 2q: c 

small ^ 2^1 norm for all a G [0, |). We also obtain the global stability 

• -—2a 

of the solutions for a G [|, |)- In the case | < a < |, we prove 

the unique existence of a global-in-time solution in Bp^^ for small initial 
data, extending the previous results for the case a = 1. 

Mathematics Subject Classification (2000). 35Q30, 76D03. 

Keywords. Navier-Stokes equations, global well-posedness, stability. 



1. Introduction 

In this paper, we are concerned with the sub-dissipative or hyper-dissipative 
Navier-Stokes equations. 

{ dtu -h {u • V)u -h {~A)^u -h Vp = 0,R^ X M_^,0 < o; < |, 
div u - 0, 
li(0,x) = Uq{x), 

where u represents the velocity vector field, p is the scalar pressure. For simplicity, 
we assume that the external force vanishes, but it is easy to extend our results to 
the case of nonzero external force. J.L. Lions [22] proved the existence of a unique 
regular solution provided a >l If a = 1, then the above system reduces to the 
usual Navier-Stokes equations. For the Navier-Stokes equations, Kato [20] proved 
the existence of global solution in C([0, 00); if ||r^o||L 3 is sufficiently small. 

After Kato’s work [20], there were many important improvements using the scaling 
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invariant function spaces. Especially, pioneered by Chemin [12], Cannone-Meyer- 
Planchon [7], initial value problems of the Navier-Stokes equations in some Besov 
spaces were extensively studied (see also [3], [4], [6] and [9]). For the Euler equations 
and compressible or incompressible Navier-Stokes equations, there are many recent 
improvements using the notion of the Besov spaces and Triebel-Lizorkin spaces 
(see [10], [11], [13], [14], [16], [17], [21], [26] and references therein). Recently, 
Cannone-Karch [5] proved some existence and uniqueness theorems of global-in- 
time solutions with external force and small initial conditions in some Besov type 
spaces in the case that -A-f (— A)^ replaces (-A)^. Considering scaling analysis, 
we find that if u{x,t) is a solution of (SNS)c^, then u\{x,t) = X^^~^u{Xx, 

is also a solution of (SNS)^. Thus Bp^q 1 < p, g < oo, are scaling invariant 
function spaces. Our first main result of this paper is the global existence and 
uniqueness result for the initial value problem (SNS)a with the initial data small 

• ^-2a 

in B 2 I norm. Precise statement is as follows. 




Theorem 1. Let a E [0, |) given. There exists a constant e > 0 such that 



- —2a 

for any uq G Bfi and ||i^o|| .^- 2 « < the IVP (SNS)a has a global unique 



-°2,1 



solution u, which belongs to L^(0, 00 ; J?! fl L^(0, 00 ; H C{[0,oo); B^ ^) 



with (3 






I - 2a, if\<a< 



5 o ^ ^ 1 ^ 0* Moreover, for any a > 0, 

2 2 iOi ol 2 ) 

u also belongs to L^{a, 00 ; Bfi) H oo;B| n C((0, oo);B 2 1 ), where = 
11-52, if 0< a 

\ 2 ’ 2 — ^ ^ 4 ’ 

following estimates 



for any J 2 > 0. Furthermore, the solution u satisfies the 



sup IKi)|L 5-2C +C' / 

0 <t<CX 5 -02,1 Jo 



Hi) II I dt 

^2,1 



< ll^oll |- 2 aexp(C 
^2,1 



Jo ^ 2,1 / 



and for any cr > 0, 



sup \\w 

(T<t<00 



poo 

(Oil I ^ / ll'^(OII • I 

■02,1 J (7 ^ 2,1 

< ||rA(c^)|| 5 expi C [ ||u( 0 || ^ dt 

Bl, V ia Hi , 



Remark 1. We note that the smallness assumption is made only on the homoge- 
neous norm of the initial data. 



Our second main theorem below is concerned with the global stability of the 
solution of (SNS)a in the case For the stability of the usual Navier-Stokes 

equations, Beirao da Veiga-Secchi [1] and Wiegner [25] obtained L^-stability with 
p > 3 near the L"^(0, 00 ; L^+^)-solution. Ponce-Racke-Sideris-Titi [23] proved 
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the i?^-stability of mildly decaying global strong solutions of the Navier-Stokes 
equations. 



Theorem 2. Let a G [^,f) be given. Assume that is a solution of the IVP 

-—2a • - 

(SNS)a satisfying G (^([0, oo); i )nL^(0, cxd; Then there exists a posi- 
tive constant Co = eo(||uo ||^2 



— 2q; . 
^2,1 






I .5 )suchthatif\\uQ—UQ\\,5_^^<eo, 

Li(0,oo;B|J 

5 _ 2 q , ' . 5 

there exists a unique global solution v? G (^([O, oo);S|^ ) fl L^(0, oo;^!^) fl 



C((0, oo); ^ 2 , 1 ) of {SNS)a with initial data Uq G • 

Remark 2. Theorem 2 could be viewed as a generalization of Theorem 1. Since 

i 

{s > ^) is contained in B^i^ our result in the case a = 1 can be regarded as 
improvement of the result of the corresponding stability result of the Navier-Stokes 
equations in [23]. 



For the usual Navier-Stokes equations (SNS)i, Chemin [15] proved local in 
time existence in some critical Besov spaces and Cannone-Planchon [8] proved the 
global existence in some critical Besov spaces if the initial data has a small Besov 
norm. Cannone-Planchon [9] also derived various estimates for strong solutions in 
C([0, T]; to the 3-dimensional incompressible Navier-Stokes equations. Us- 

ing the similar method originated from Fujita-Kato [19] and Kato [20], we can 
improve parts of Theorem 1 in the case ^ < a < | as follows. 

Theorem 3. Let a G (|, |] be given. Suppose I <p < 2 ^^' There exists a constant 

e > 0 such that for any uq G Bp^t^ and ||uo|| . 3^i_2c, < c, the IVP (SNS)a has 

D P 

■‘^PfOO 

. 3_|_]^_2q, 

a global solution u G ^([0, 00 ); Bp, 00 )• 



2. Littlewood-Paley decomposition 

We first set our notation, and recall definitions of the Besov spaces. We follow 
[24]. Let S be the Schwartz class of rapidly decreasing functions. Given / G <S, its 
Fourier transform J^[f) = f is defined by 

We consider (p e S satisfying Suppcp C G | ^ < |^| < 2}, and (f{^) > 0 

if I < 1^1 < 2. Setting pj = cp(2~^^) (in other words, (pj(x) = 2^^(p(2^x)), we can 
adjust the normalization constant in front of cp so that 

jez 

Given fc G Z, we define the function Sk G <S by its Fourier transform 

Sk(o = i- E 

j>k+l 




34 



Dongho Chae and Jihoon Lee 



We observe 

Supp (^jfl Supp (pj> = 0 if |jf — j'l > 2. 

Let s G R, p, ^ G [0, oo]. Given / G <S', we denote Aj/ = (pj * /. Then the 
homogeneous Besov semi- norm ||/||ds is defined by 

||f||. =1 if 9 £[l,oo) 

I supj */||lp] ifg = oo. 

The homogeneous Besov space ^ is a quasi-normed space with the quasi-norm 
given by II • II • For s > 0 we define the inhomogeneous Besov space norm ||/||bs ^ 
of / G <S' as I/IIb^ = II/IIlp + ll/ll Rs • Let us now state some basic properties 

PiQ ^P,Q 

for the Besov spaces. 



Proposition 1. (i) Bernstein’s Lemma : Assume that f G L^, I < p < oo, and 

supp / C {2-^“^ < 1^1 < 2-^}. Then there exists a constant Ck such that the 
following inequality holds: 

C',-^2^'=||/||LP<||DV||LP<Cfc2^''=||/||LP. 

(ii) We have the equivalence of norms 






(iii) Let s > 0, ^ G [1, oo], then there exists a constant C such that the inequality 

||/ 3 |Ib, ^ < c (iI/IUp, + IlfflUn ll/IU.^ J , 

holds for homogeneous Besov spaces, where p\, r\ G [l,oo] such that ^ = 

— + — = — + 

Pi P2 ri ' P2 

Let si, S 2 < — such that Si + S 2 > 0, / G and g G B^^i- Then fg G 

11/911..,+.,-^ <C|l/lli;.|l9lU;v 

(iv) If s E (— ^ — 1, ^], then we have 

\\[u,Aq]w\\LP < jv+J|rf;||^. 

B/i 

< 1. /n the above, we denote 

[u, Aq]w = uAqW — Aq{uw). 

(v) (Embedding) is an algebra included in the space Cq of continuous 

functions tending to 0 at infinity. Let s G R, e > 0, and suppose p,q E [l.ooj. 
Then it holds 

IDS c V ITS r V DS 

^p,l ^P ^P,00 5 
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and 






(vi) (Interpolation) We have the following interpolation inequalities for si, S 2 € 
M, 6) G [0, 1]; 



and 



||w|lBen + (i-«)02 ||w||L^ 

^P,l ^P,l ^p,l 



||u||g9si+(i-e)»2 < C'||u||^3iJ|u"^ ^ 



^P,l 



p>i 



Proof. The proof of (i)-(vi) is rather standard and we can find the proof in many 
references. The proof of (i) can be found in [14] Lemma 2.1.1. (ii) is straightforward 
from (i). The proof of the first part of (iii) can be found in [11] and the second 
part of (iii) can be found in [13]. We can find the proof of (iv) in [17]. The fact 

. K 

that is embedded in Co can be found in [2]. We can find the proof of the last 
part of (v) and (vi) in [24]. □ 



For simplicity, in the following we denote ^ and Bp^t^ by B^ and Bp, 
respectively. If (p,p, r) G [1,(X)], we denote 

J ^ ||(2^^||^g^||LP(0,T;LP))(?Gz||/’^(Z)- 

We denote briefiy L'^(0, oo; Bp ^) by I/^(Bp^^). We denote (-A )2 by A for no- 
tational simplicity. For the proof of Theorem 3, we need the following extended 
version of Proposition 2.1 of [15]. 



Proposition 2. Let a>0 be given. There exists a constant C > 0 such that 



l|e ,<.+ 2a <C'||uo||5. . 



(1) 



If u is a solution of 

f dtu - A‘^^u = /, X E+, 

\ u{0,x) = 0, 

then we have 
and 

where pi > P 2 - 



( 2 ) 

(3) 



We provide the proof of Proposition 2 in the appendix. 

Taking the divergence operation on the first equation of (SNS)c^, we have the 
formula 

-Ap = '^djdk{u^u'^). 
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This enables us to define the general sub-dissipative Navier-Stokes type equations 

r dtu — A‘^^u = Q{u,u), X 0<a<|, 

\ u{0,x) = uo, 

with Q{u,u) = — div(u u) + ^ VA~^djdk{u^u^)- This general equations of 

the usual Navier-Stokes equations was studied by Chemin [15]. The following 
proposition is more or less standard (see [15]). 

Proposition 3. Let ^ Set s \^2 = + S 2 - If Si < ^ and si + S 2 > 0, 

then we have 

Proof. The proof can be found in [13] and [15]. □ 



3. Proof of Theorems 



Proof of Theorem 1. If we try to follow the classical Fujita-Kato method ([19] and 
[20]) to prove Theorem 1, we need to prove the continuity of the bilinear operator 

in C'([0,oo);B|_7^"), 

B{u,u) = ( V • (^’ ® u)(s)ds, 

Jo 

where P is a Leray projection operator, and we found there are technical difl&culties 
for such a continuity estimate when 0 < o; < Thus we could not adapt Fujita- 
Kato’s argument to prove Theorem 1. 



Step 1. A priori estimates 

Taking the operator on the first equation of (SNS)q;, we have 

dfAqU + {u • V)AqU + A^^AqU + VAgP = [w, Aq] • Vu. (5) 

Multiplying AqU on the both sides of (5) and integrating over we obtain 

\^\W'^\\h+C2'^°“^\\^qU\\l2 < ||[A„u]- Vu||L2||AqW||L2- (6) 

Dividing the both sides of (6) by ||Agii ||/^2 and using the commutator estimates of 
Proposition 1 (iv), we have 



-\\AqU\\L.+C2^-^AqU\\L2^ ll^ll -i-2.- (T) 

at ^2,1 ^2,1 

Multiplying on both sides of ( 7 ) and taking summation over g G Z, it 

reduces to 

II^^(*)IL£-2« +C'i||w|| .a <C'2||u|| a l|w||.|-2»- 



dt' 



"Bh 
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By the Gronwall inequality, we obtain that 



poo 

sup \\u{t)\\ 5 Cl \\u{t)\\ 5 dt 

<t<CXD ^ 2,1 Jo ^ 2,1 

: ||«o|| .s-2c,exp(c'2 / |Kf)|| 5 dt] . 

^2,1 \ Jo ^1, J 



We also note that 



sup \\u{t)\\L 2 < lluoll L2. 

0<t<oo 

Then we have the following a priori estimates. 



poo 

sup |Ki)|L 5_2, +Ci / \\u{t)\\5dt 

0 < t<OO -^2,1 Jo ^2,1 

< llwoll |-2c.exp [C 2 [ ||u(i)|| 5 dt) . 

S21 V Jo J 



Step 2. Iteration and Uniform estimates 



We define the following iteration sequences ( 

{ dtu^^^ + {u^ • =0, X K+, 0 < 2a < §, 

div = 0, 

u ^+'^{ x , 0 ) = = E ,<„+1 

Setting = 0, we can find u'^ and p'^ for all n by solving the linear system. 
Similarly to a priori estimates, we have 

4lK-"^t)ILi-2.+Ci||u”+i|| 5 <C2||n”|| 5 ||u”+i|| 



By the Gronwall inequality, we obtain 



poo 

sup ||u”+^(f)|| +Ci / ||u"+^(f)|| 5 dt 

0 <t<oo ^2,1 Jo ^2,1 

< IK+'ll 5_,„exp (c 2 r \K{t)L, dt) . (10) 

^2,1 \ Jo ^2,1 / 

Choose € so small that exp < M (this is possible if we take M > 1). 

Assume that II u” II .s-2a +C^il|u"|| 5 < Me. From the estimate of 

L^(0,T]Bl^ ) Li(0,T;B|i) 

(10), we have 
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POO 

sup ||u"+^(i)|| |_2, +Ci / ||w"+^(i)|| I di 

0<t<OO ^2,1 Jo ^2,1 



< |K"^1 . 5 -2a exp 

Hi 



<lln 



CoMe 



l|w"WIL| dt 



° 2,1 



'”■*41,-“^ C. 



^2,1 



<Me. 



Thus we obtain that if ||^xo|| • f-2a fhen for all n, 



^2,1 



0<t< 

for some M > 0. 



pOO 

sup ||u"'^^(t)|| ,|- 2 a +(^1 / \\H^^{t)\\ 5 dt < Me, (11) 

< f<oo Hi Jo Hi 



Step 3. Equations of differences and Existence of solution. 

Define - u^ and -p'^. We obtain the equations of the 

differences, 






f + (n" • V)(5u”+1 + (dn" • V)u" 

+A2“du"+i + V(5p”+i = 0, 0<2a<|, 

div = 0, 

du”+^(x,0) = A„+iUo. 



Similarly to a priori estimates, we have for r] satisfying 77 = max{0, 1 - 20;}, 

i|llA,dn"+i||i2 + C'22«<^||A>”+i||i2 

^2,1 ^2,1 

+C||A,((dn” • V)n”)l|L2||A>”+i|U2. 

Dividing both sides of the above inequality by ||A,du”+^||L2, multiplying with 
2«(|-2a-7))^ and taking summation over q, we infer that 



+ C'3||(5n 



I 



-^2,1 -^2,1 

+C'5||dn"|| .|_2a-JKII • 

^2,1 ^2,1 



In the above inequality, we used Proposition 1 (iii), e.g., 

||((dn")-V)n"||_^5_,_, <C||dn"l| 5_,„_J|Vu"|| s . 

^2,1 



"52 

■^2,1 



" D 2 
-^2,1 
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Gronwall’s inequality gives us that 

POO 

sup ||(5n"+i(i)ll 

0 <t<OO ^ 2,1 Jo ^ 2,1 

<|IK^'|| 5_.„_,expfa 



dt 






POO 

I / ll^^"WILf dt 

Jo ^2,1 



POO / poo 

+C 5 sup ||5u"(t)|| / ||n”|| 5 dtexp(C '4 / ||u"(r)|| 5 

0 <t<oo ^2,1 Jo ^ 2,1 V Jo ^2,1 

From the uniform estimates (11), we can choose e so small that 



dr I . 

(12) 



exp 



and 



(<^4 2 lk”(i)ll^f dt^ < 
Jo Hi ^ 



for all n. Then we have 



dt 



poo 

sup ||<5u"+Hi)ILf-2»_„ d-C's / 

0 <t<OO ^2,1 Jo ^2,1 

^ 2,1 ^ 0 <t<OO ^ 2,1 

By iterating, we have for any positive integer N > 0, 

N N .oo 

V sup ||<5u”+^(t)|| +(73^ / ||(5n”+^(t)|| 

N ,, N 

<2y]||(iu^+^|| + -^ sup ||(Ju”(t)|| 

1 



(13) 



n=l 
N 






V+l)(|-2a-i?)| 



||A„+iUo||l2 + T XI ^’^P 



71=1 



Bl, 



I -2a-77 



1 ^ 

< 2C'||uo|| + T X ®^P 

B 21 ^ ^ 



■ 71=2 - 

2C 



0 <t<oo 



^2,1 



< 2C'||uo|| . f- 2 <.-n + ••■ + an 
^2,1 ^ 

<^IKILt-2„-.. 

O £>2 1 



X ll'^oll . |-2a-77 
^2,1 



Multiplying both sides of the first equation of (F) by and integrating over 

R^, we have 

POO 

sup \\5u^+\t)h2<\\5u^+^U.+Ce sup ||<5u”(t)||L^ / IK(i)||.|di. 

0 <t<oo 0 <t<oo Jo ^2,1 
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If we choose e so small that Cq dt< then we obtain 

®2,1 



sup \\5u^^Ht)\\L^<\\K^%^ + ] sup ||<5 u”WIIl- (14) 

0<t<oo ^ 0<t<oo 



5 2 y~j 

By iterating, we obtain that converges to u in L^( 0 , oo;B2 i ) fl 
L^( 0 , oo;B2^i ^). Prom the uniform estimates we have u G L'^( 0 , oo; £2^1 fl 
L^( 0 , (X); B|j). Uniqueness can be proved similarly, satisfies 

= -K • 

Clearly we have {u^ • G 1 /^( 0 , 00; Since satisfies 

-divVp^+^ = div((^^ • 

we have G L^( 0 , (X); from the Calderon-Zygmund estimate [ 18 ]. 

- —2a 

Thus we readily have that is continuous with values in i . By a 3 e 
argument, u is continuous with values in B21 . By the interpolation, we have 

C([0, 00); with /5 = I I I la-sl ?f 0 < a < i, ^ 

to prove that u also belongs to L°°{cr, oo; B2 00; )nC(( 0 , 00); B2 j), 

where a >0 and 7 = | I ^ ^ ^ ’ fur any 62 > 0. We provide only a 

i if 2 < « < 4 > 

• 

priori estimates. Since we already know that u belongs to L^(0, oo; B2 i), we can 

5 

choose a > 0 such that u{a) € i- Similarly to step 1 , we have 



i. 

dt 



\\A,uU^+C2^‘^^Aguh2 < Cc,2-t^||u|| 5 

^2,1 




Multiplying 2 t^, and taking the summation over q, we have 



d ,, „ 

-r u 5 

dt 



+ CIHI 



< C\\u\ 



5 

I ^ 

^2,1 



Using Gronwall’s inequality, we have 



sup |Kt)|| I 

a<t<oo -°2,i 



+ c 



poo 

/ Mt)\\ i+2adt 

J a ^2,1 
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— 1 • — -|-2q 

Thus u belongs to L°°(cr, oo;52 j) D L^((T, oojfil j ). By the interpolation the- 
orem, we have u G C([(J, oo); > 0 if 0 < a < ^. If a > |, u 

satisfies dtu = -{u • V)u - - Vp. Since [u • V)0, VpGl/^(cr, oo;^! 

5 

u belongs to C([cr, oo); ^ 2 ^ i). This completes the proof of Theorem 1. □ 



Proof of Theorem 2. We derive a differential inequality for \\u^{t) — u^{t)\\ . 5_2«. 

^2,1 

The difference U = satisfies the system 

' dtU + {u • vy - {u • v)u + y • v)f/ 

,,, +A2^[/ + VP = 0, R3xR+, K2a<|, 

div(/ = 0, 

^ 17(0, x) =ul~ul, 

where P = p^ - p^. 

Step 1. Iteration and Uniform estimates 

We define the following iterating sequences (?7"+^,P”+^). 

' dtU^+^ + ([/"+! • V)yi - (C7” • V)t/”+i + (yi • 

+A2«f/"+i + VP"+i = 0, R^xR+, |<a<f, 

I div t/”+i = 0, 

, U{ 0 ,x) = J2q<n+li^>1^0 ^ ^q'^o)- 

Since is given, we can find P'^) for all n by setting = 0. Taking the Ag 

operator on both sides of the first equation of (II), we have 

- {U^ • V)AgC/^+^ + {u^ • V) Ag(7^+^ + VAgP^+^ 
= -[U^^Aq] ■ + [u\Aq] . VC/^+^ - Ag(([/^+i • V)ui). (15) 

Multiplying with AqSU'^~^^ on both sides of (15), integrating over R^, and dividing 
both sides by \\AqU'^~^^\\i 2 ^ we have 

|||A,t/”+i|U2 +C22“^||A,17 "+i1U2 

< ||[t/",Ag] ■ V[/”+i|U2 + ||[uSA,] • Vf/"+i|U2 + ||A,((t/"+i • V)ni)|U2. (16) 

Using commutator estimates, multiplying with on both sides of (16), and 

taking summation over q, we obtain that 



<ci|[/"|| 5 l|t/”+'ILi-2. + c||([/"+i-v)ui|| 5 _, 



jBo 1 






In the above last inequality, we used Proposition 1 (iii). 
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We show that if eo is chosen to be so small that 



6o exp Cg 



poo 

Jo ^2,1 



dt < 



Cj 

2C«’ 



(18) 



then it follows 



(Q„) sup ||?7”(t)|| + ^ / 

0<t<OO ^2,1 ^ Jo 

poo 

I / 11^^ II • s 

Jo Bli 



\\U^ 



dt 



< €o exp C< 



Suppose that (Qn) is satisfied and let us prove that (Qn+i) is also true. Prom (17) 
we obtain 

d 

dJ' 



i:l|c^"+'ILi-2. + (C'7-C8 sup ||t/”(i)l|.5_,j||t/'^+i||^5 



' R 2 ■ 
■°2,1 



0<t<OO 



B ^ 
^2,1 



<C9||ul|l . r"+l|| s_ 



'Bl, 



Bll 



(19) 



Since eg was chosen to satisfy (18), we have 

4l|t^"^^ll ^ 2. + $||C^”+^|| S <C9||ui|| .5 ||17”+M| .5_,„ 

dt" Bl,^ 2" Bl,~ "bI," 

Using Gronwall’s inequality, we have 

^ poo 

sup \\U-+\t)h^ + ^ / ||t/”+Ht)||.| 

0<t<OO ^2 1 ^ Jo ^2,1 



dt 



<l|t^0"^^l|.i-2» 

Bh 

7 -n+l 



exp ( C{ 



poo 

7 ii«^iy 

^2,1 



dt 



( 20 ) 



Since we have II • ^- 2 a < ||C^o|| . s- 2 a < €q, (Qn+i) is true. Multiplying with 



B 2 
-^2,1 



B. 



^n +1 both sides of the first equation of (II) and integrating over 
that 

7lt^"+'lli^<r”+'lli^llvt.'ILi • 



we infer 



dt' 

Using Gronwall’s inequality, we have 



"Bl, 



sup ||f/”+i||L 2 <q|Uo”+ilU 2 expfc r||ui||,| dd. (21) 

<«00 \ Jo ® 2.1 / 



0<« 

Prom (20) and (21), we obtain 



^OO 

sup \\u-+\t)\\ ,_,^ + ^ ,dt 

0<t<oo B 21 2 Jq Bl^ 



<c\\ut^\ 



exp ( C 



poo 

7 

^2,1 



dt 



( 22 ) 
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Step 2. Equations of Difference and existence 

Setting — U'^ and we have the following 

equations of differences. 

^ - (U^ • • V)U^ 

, +A2^5[/^+i + • vy + {u^ . V)5/7^+i + V5P^+^ = 0, 

> I div (5[/"+i = 0, 

^ 5J7(0,x) = (A„+iuJ - An+iul). 

Taking on both sides of the first equation of (IF), we infer that 
dtAgSU^+^-{U^ • V)A/t/”+i + (ui • V)Ag(5t/"+i+A2"Aq(5C/”+i+VA,(5P”+i 
= -[P”, Aq] • V(5P”+^ + [u^ Aq] • 5t/"+i 
-Aq((5[/”+' • V)u^) + Aq((J[/” • V)P”). (23) 

Multiplying with Aq(5?7”+^ on both sides of (23) and integrating over we have 

i|||Aq5C7"+i||i.+C22“^||Aq^C/”+ii, 

< ||[C/", Aq] • V<5f/”+l|U2||Aq^[/"+l||^2 + ||[ul, Aq] • V5[/"+l ||i2 || Aq<5f/"+l ||i2 
+ \Wm^ • V)f/«)|U.||Aq5t/"+liU3 + ||Aq((^[/"+l • V)ul)|U.||AqJC/"+l|U.. 

(24) 

Dividing both sides of (24) by \\AqSU'^~^^\\L 2 , multiplying with 2^i on both 
sides, taking summation over g, and using (iii) and (iv) of Proposition 1, we obtain 

5_.„+Cio||5C/”+'|| 5 

az ^ 2,1 ^ 2,1 

<C\m , 5 ||5C/”+i|| 

^2,1 ^2,1 ^2,1 ^2,1 

+C||Jf/"|| |_,J|VC/”|| 3 +C||,iC/"+i|| 5_,J|Vui|| 3 

Bi.i Hi Hi Hi 

^ 2,1 -^ 2,1 ^ 2,1 -^ 2,1 

+C'i3||f^”|| -i ll<5C^”IL t-3.. 

Bh B 21 

Using Gronwall’s inequality, we have 

POO 

sup ||5U"+i(t)|L|_2.+Cio / \\ 5 U-+\t)\\ ,dt 

0<t<oo Jq 

< \mt^hl-2.exp( r I +Ci2||ui|| 5 dt) 

Hi \Jo Hi ^2% / 

pOO 

+Ci3 sup \\6U^t)L^ / ||U"|| 

0<f<oo Hi Jo Hi 

xexp(^ +<^i2||«^||^5 dt) . (25) 



5 -2a exp I 



llu^ll 5 dt 

" d 2 

-^2,1 
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. ^ dt < ^ exp ( Cq 
Cj 



/•OO 



Prom (20) we have 

poo 

/ \\U^\.I 

Jo ^ 2,1 

Substituting (26) into (25), we obtain 

poo 

sup \\SU-+Ht)L^+C,o Pf/"+'(i)IL| 

0 <t<OO ^ 2,1 Jo ^ 2,1 

< |_,.+Ci 3 sup ||<5C/”(i)|| r\\U^ 

\ ^21 0<t<OO ^21 Jo ^21 

exp (cgllu^ll .5 )+Ci2||u^|| 5 ) 



(26) 



2C'ii eo 

C- 

( 2C'iieo 



X exp 

Setting 

Ml = exp ^ ^ 

we choose cq so small that 
2co 



;i^exp(c9||u^|l .f ) +<^12||u^| 

7 \ L1(0,oo;B2%)/ 

exp (cg [ ll'uMl .5 dt ] < ■ 

\ Jo Bli J 4C13M1 



. 5 

L1(0,oo;B22i) 



Then we have 



poo 

sup ||< 5 t/”+'(t)||. 5 .,„+Cio / \\SU-^\t)\\ . 

0<t<oo ^2,1 Jo ^ 2,1 



dt 



<Mi||<5C/o”+l|| : 



+ - sup ||<517"(t)|| S_.„. 

4 0<t<oo ^0 



2,1 



Multiplying with on both sides of (IV') and integrating over we have 



< l|VC/”||L°o||5C/"||L2||<5C/"+iL^ + ||Vni||Loo||<517"+iLHI<^C^”^'lk2 

< C^i4||C/”|| .f \\5U^+X^. (27) 

^2% ^2% 

Dividing both sides of (27) by and using Gronwall’s inequality, we 

obtain 

sup \\ 5 U^^^h 2 <\\ 6 US+^h 

0<t<oo 

+C\i sup ||5[/”||i2 exp ( Ci5 

0<t<oo V 




Setting M 2 = exp 




choose 60 so small that 




< 



1 

4C14M2 
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Thus we have 

sup \\6U^^Ht)\\L^<M2\\6U^+%2 + ]- sup \\6U^{t)\\L2. 

0<t<oo ^ 0<t<oo 

By the iteration, converges to U in L^( 0 , oo;B2 ^ ) fl L^( 0 , oo;^! ^). From 

the uniform estimates, we have U G L^( 0 , oo; i )FlT^( 0 , oo; -62^ i). Uniqueness 
can be proved similarly. We still have to prove that U is continuous with values in 

B21 (so V? is continuous). satisfies 

• V)u^ + {U^ • V)C/^+^ - {u^ • V)/ 7 ^+^ - 

Since the right-hand side of the above belongs to L^( 0 , oo;P|^ ), we readily 

5 _2q; 

have that is continuous with values in B21 . Since U'^ converges to U in 

— —2cx -—2a 

L^(0,oo;B2i ), U is continuous with values in B21 • Similarly to the proof 

5 

of Theorem 1 and the a priori estimates of solution, we have G C(( 0 , 00); 1). 

This completes the proof of Theorem 2 . □ 



Proof of Theorem 3 . We follow closely [ 15 ]. 

Step 1. A priori estimates 

If we set u = + w, then we have 

( dtw + A‘^^w = w) -h Q{w, w), 

I R^xE+, ^<a<|, 

[ u;(0,x) = 0. 



By using Proposition 2 , we have for p >max{^,2} 

\\w 

II \^p) — - X . / 

-\-C\\Q{e~^^^°‘ uq,w 

+C\\Q{e~*^^" uq, e“*^*“uo) II „ . a+i_ 






LP{BP 

\ 2a 



_ p . ^+l-4a ^ — - • 

L2 {B^ p ) 



By using Proposition 3 , we have 
||Q(u;,w)|| 



■ ^ + 1 — — ^ll^ll roo/R ■) T 



\\Q{e *^"‘°‘uo,w) 
and 



_2a(2^^) ^ C'||e '^OIL .^ + l-2a{P^) II II L°° (Bp ) ’ 

P \ T.P(UP ^ P \ ^ P' 



LP{BP ^ ~ ^ " "Lp{BP ' ' P ') 



||g(e Uo,e Uo)IL^ .a+i_4c(/i^) <<^116 «o 



LP(B^ " ) 



( 28 ) 



■ ( 29 ) 
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Using Proposition 2, we obtain 
\\Q{e~^^^°‘uo,w 



_ .a+i_2a(?£^) ^ ^II^oIIb 1|w|Il<x>(B ), 

LP{B^ ' P ') ” ^ 



and 



||Q(e ‘"^'“uo,e ,a+i_ 4 a(^) 

L^(BP p ) 



<c'iKia. 



Thus we have 



lkllL==(B,) < CMl^^^^^+C\\UohJw\\ L^{Bp) + C\\uoW\ 



^ C^1g{\\'^\\l°°(Bp) W'^^Wbp) 



(30) 



Step 2. Iteration 



We define the iterating sequence 

dtWn^l +A‘^^Wn^l = Uo, Uo) + 2Q{e~^^^" Uo,Wn) + Q{Wn,Wn), 

X M+, ^ < a < |, 
u;^+i(0,o:) = 0. 



Similar to apriori estimates, we have 

||'^n+l||Loo(Bp) — ^16(ll^n||Loo(Bp) ll'^oll^p) • 

Choose appropriately small e and Wi such that ||i^o|Ibp < II'^i|Il°°(Bp) ^ 
4(7166^ < e. Then we have \\'^n\\L<^(^Bp) — ^• 

Step 3. Equations of differences and existence 

Let Swn-\-i = rUn-\-i — Wn- We have the following equation of the differences: 

dt 5 Wn-\-l + = 2Q{e~^^^" Uq, 5 Wn) 

^Q{Wn ^ Wn-l,dWn)^ 



Similar to a priori estimates, we obtain 

ll^^n+lll L°°{Bp) — ^ll^olUp \\^'^n\\Loo(^Bp) 

-\-C{\\Wn\\]^oo(^Bp) \\'^n-l\\ LOO (^Bp))\\^'^'fT'\\ L°° {Bp)' 

Choosing e so small that we obtain 

\\^'^ti-\-i\\l°o{Bp) - 2^\^'^n\\Loo(^Bp)’ 

By iteration, Wn is a Cauchy sequence in C([0, oo); Bp) and we have Wn w in 
C([0, cxD);Bp). Since u = + w, we obtain u e L"^{Bp). We next prove 

uniqueness. If + wi and + W 2 are solutions of (SNS)^ with 

Wi,W 2 G (7([0,oo);Bp) and we set Sw = u;i - u; 2 , then we have the following 
estimates for any T > 0 similarly to the above: 

P^IIl^(Bp) - ^17||^o||j5pP^|Il^(Bp) 

)\\^M\l^{Bp)‘ 
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Choose e so small that Cue < j and C^e < Since Wi and W 2 G C([0, oo); Bp), 
we can choose Ti > 0 so small that 

(5p) + 

Since we obtain W^'^Wioo < 2 (Bp)’ immediately have 5i<; = 0 on 

[0,Ti]. Doing the above process repeatedly on [ri,2Ti], [2ri,3Ti],. . . , we have 
5w = 0 on [0, 00 ). Thus we complete the proof of the unique existence. □ 



Appendix 

For the proof of Proposition 2, we follow the similar ideas in [15]. We first prove 
the following lemma, which is an extended version of Lemma 2.1 of [15]. 

Lemma 1. There exists a constant C > 0 such that for any t > 0, 

\\Aqe~*^^°‘u\\LP < ^e~’^*^^"°‘\\AqU\\LP. ( 31 ) 

Proof. Consider (f) G V{R^ \ {0}). Since we can assume that u has support in an 
annulus, we obtain that 

= gx{t,-)*u, 

with gx{t,x) = f To prove the lemma, it is enough to 

show that 

HgA(t,-)HL^<Ce-^^^". 

Say, gx(t,x) = X^gx{t,Xx) with 

9\{t,x) = J 

By calculation, we have 

gx{t,x) = + + 

= (1 + |x|2)-3 j {Id - 

= (1 + \x\Y" j 

The Leibnitz formula gives us that 

I/5|<6 

7</3 




48 



Dongho Chae and Jihoon Lee 



We have also the following formula by algebraic computation. 






7l + --+7m==7 
|7,-|>1 



Since (j) has support in an annulus, we have 
Thus we have 

The proof of lemma is completed. 

Proof of Proposition 2. First, we have the following estimate by Lemma 1. 
Taking L^-norm over [0, T] of both sides of (32), we have 



□ 



(32) 









Pdt \\AqUo\\LP 



< C2-T ||A,uo||lp. (33) 

Multiplying with and taking P norm on both sides of (33), we obtain 















Thus we proved the first part of Proposition 2. 

Taking operation on the equation in Proposition 2, we obtain 

dtAqU + A^'^AqU = Aqf. 

Since uq = 0, we have 

Aqu{t) = [ 

Jo 

Taking norm, we have 

\\AqU{t)\\LP < C [ \\e~^^~'^^^^"Aqf{r)\\LpdT 

Jo 

Jo 
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In the above last inequality, we used the estimates of Lemma 1. Taking norm 
over [0,T], we obtain the following by using Fubini’s Theorem. 




< 



< 



< 



^ ||AJ(r)||z,.dr 

(l - e-2^’“||A,/(r)||iP(ir 







In the above last inequality, we used Holder’s inequality and the following calcu- 
lation: 






P2 






Multiplying with 2®^®'*'^“^^''''’! 



on both sides of the inequality, we have 



2g(s+2a(l+^-^)) 



ll'^g^llL^i(Lp) ^ C'2^^||Ag/||^P2(j^p). 



Thus we have (3). This completes the proof of Proposition 2. 



□ 
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The Commutation Error of the Space Averaged 
Navier-Stokes Equations on a Bounded Domain 

A. Dunca^ V. John^ and W.J. Layton^ 

Abstract. In Large Eddy Simulation of turbulent flows, the Navier-Stokes 
equations are convolved with a filter and differentiation and convolution are 
interchanged, introducing an extra commutation error term, which is nearly 
universally dropped from the resulting equations. We show that the com- 
mutation error is asymptotically negligible in (i.e., it vanishes as the 

averaging radius ^ > 0) if and only if the fluid and the boundary exert exactly 
zero force on each other. Next, we show that the commutation error tends to 
zero in as ^ ^ 0. Convergence is proven also for a weak form of the 

commutation error. The order of convergence is studied in both cases. Last, 
we study the influence of the commutation error on the energy balance of the 
filtered equations. 

Mathematics Subject Classification (2000). 35Q30, 76F65. 

Keywords. Large eddy simulation, commutation error. 



1. Introduction 

The space averaged Navier-Stokes equations for the space averaged fluid velocity u 
and pressure p are the basic equations for large eddy simulation (LES) of turbulent 
flows. They are derived in many papers and in nearly every book on turbulence 
modeling, e.g. Aldama [2], Lesieur [20], Pope [21] or Sagaut [23], from the Navier- 
Stokes equations as follows : 

1. One chooses a filter g{x) and an averaging radius 5 > 0. The large eddies u 
(of size > O {6)) Qie defined by filtering the underlying fluid velocity u : 

u ^ * u. 



^partially supported by NSF grants DMS 9972622, INT 9814115 and INT 9805563 
^partially supported by the Deutsche Akademische Austauschdients (D.A.A.D.) 
^partially supported by NSF grants DMS 9972622, INT 9814115 and INT 9805563 
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2. To derive the equations for u, the Navier-Stokes equations are convolved 
with g{'). 

3. Ignoring boundaries and commuting convolution and differentiation leads to 
the space averaged Navier-Stokes equations, given by 

Ut - V • §(u,p) + V • (uu^) = f, V-u = 0, (1) 

where the stress tensor associated with the velocity and pressure averages 
(u, p) is given by 

Vu 4- Vu^ 

S(u,p) 2M{u) — pi where D(n) = (2) 

z 

is the velocity deformation tensor. 

One central problem in LES is the closure problem of modeling V • (uu^) in 
terms of u, see, e.g., Sagaut [23]. We shall show herein that there is in fact another 
possibly serious closure problem in steps 2 and 3 above leading to the incorrect 
space filtered equations (1). 

It is often reported in the LES literature that difficulties exist for simulating 
turbulence driven by interaction of flows with boundaries. In this report, we will 
show one reason: when the flow is given in a bounded domain with typical no- 
slip boundary conditions and the strong form of the space averaged Navier-Stokes 
equations is used, steps 2 and 3 lead to an 0(1) error near the boundary. A 
correct derivation of (1) (Section 2) reveals that an extra commutation error term 
As{S>{u,p)), see Definition 2.1, must be included in (1). We show. Proposition 4.2, 
that ||A 5 (S(u,p))|| 2 ,P(]Rci) ^ 0 as J ^ 0 if and only if the traction or Cauchy stress 
vector of the underlying flow is identically zero on the boundary of the domain ! In 
other words, the equations (1) are reasonable only for flows in which the domain’s 
boundary exerts no influence on the flow. 

An inspection of the proof of Proposition 4.3 reveals that the commutation 
error A^(§(u,p)) is largest at the boundary and decays rapidly as one moves away 
from the boundary. 

If the commutation error term is simply dropped and then the strong form 
of the space averaged Navier-Stokes equations is discretized, as by, e.g., a finite 
difference method, the results of Section 4 show that the error committed is 0(1). 
On the other hand, variational methods, such as finite element, spectral or spectral 
element methods, discretize the weak form of the relevant equations. These meth- 
ods are known to depend on the size of the i/~^-norm of any omitted terms. We 
show in Section 5 that variational methods are possible since the i7~^(fi)-norm 
of the dropped commutation error does approach zero as J ^ 0, Proposition 5.1. 

Section 6 studies the weak form of the commutation error, (A^(S(u,p)), v) for 
V fixed. The third main result. Proposition 6.1, is that the weak form of the com- 
mutation error tends to zero as J ^ 0. The order of convergence in two dimensions 
is at least 0(5^“^) with arbitrary e > 0. 
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The issue of the commutation error has appeared occasionally in the engineer- 
ing community, e.g. see Fureby and Tabor [9], Ghosal and Moin [12], or Vasilyev 
et al. [25]. Its critical importance is beginning to be realized, see Das and Moser 
[6]. One approach, [12, 25], has been to shrink the averaging radius S{x) as x 
tends to the boundary of the domain; the correct boundary conditions are then 
clear : u = 0. This approach requires extra resolution and another commutation 
error due to the non-constant filter width occurs. This other commutation error 
is usually ignored in the engineering literature on the basis of a one-dimensional 
Taylor series estimation of it for very smooth functions. Interesting and important 
mathematical challenges remain for this approach as well. 

Other special treatments of the near wall regions, such as near wall models, 
see [23, Section 9.2.2] for an overview, are common in LES to attempt to correct 
for the error. Recently, there are new approaches to LES without modeling, such 
as post processing [16] and the variational multiscale method by Hughes and co- 
workers [15]. 



2. The space averaged Navier-Stokes equations in a bounded 
domain 



To derive the correct space averaged Navier-Stokes equations in a bounded do- 
main, we will extend all functions to and derive the equations satisfied by these 
extensions. Then, the new equations will be convolved. 

We will always use standard notations for Sobolev and Lebesgue spaces, e.g. 
see Adams [1]. For vectors and tensors (matrices), we use standard matrix-vector 
notations. 

Let be a bounded domain in R^, d = 2, 3, with Lipschitz boundary dfl with 
outward pointing unit normal n and (d — 1) -dimensional measure < oo. We 

consider the incompressible Navier-Stokes equations with homogeneous Dirichlet 
boundary conditions 



Ut — 2z/V • D (u) + V • (uu^) + Vp 

Vu 



u 

u \t=0 
foPdx 



f in (0,T) X f], 

0 in [0,T] X fl, 

0 in[0,T]x5f], 

uo in f], 

0 in(0,T], 



where ly is the constant kinematic viscosity. 

It will be helpful to recall that the stress tensor S(u,p) is given by 



( 3 ) 



S(u,p) := 2z/D(u) - pi. 



where I is the unit tensor, and that the normal stress / Cauchy stress / traction 
vector on dQ is defined by S(u,p)n. 

Our analysis will require that solutions (u,p) of (3) are regular enough such 
that the normal stress has a well defined trace on the dfi which belongs to some 
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Lebesgue space defined on dQ. We assume that 



u e n , p e n L^(fi) for a.e. t £ [0,T], 



ue[H\{0,T))) fora.e. xGf^. 



Lemma 2.1. If (4) holds then S(u,p)n belongs to In particular, for 

a.e. t e (0,T], §(u,p)n G with l<^<ooi/d — 2 and 1 < g < 4 z/ 

d = 3 and 

||§(u,p)n||(£^q( 5 f^))d < C (l/||u||(j:/ 2 (^ 7 ))d + ||p||h1(^^)) • (^) 

Proof. This follows from the usual trace theorem and embedding theorems, e.g., 
see Galdi [10, Chapter II, Theorem 3.1]. □ 

Remark 2.1. The result that S(u,p)n G {L^{dQ>))^ for 1 < g < 4 suffices for our 
purposes but it can be sharpened considerably. For example, Giga and Sohr [13, 
Theorem 3.1, p. 84] show that provided f is smooth enough and the initial condition 

uo G s > 0, holds, then for a.e. t > 0, Ut and V • (uu^) belong to 

(L^(fi))^ and further §(u,p)n G (L^(9fi)) for a.e. t > 0 when 3/q + 2/s = 4. 

In writing down an equation like (1), f must be extended off fl and then (u,p) 
must be extended compatible with the extension of f. For f to be computable, 
f is extended by zero off fi. Thus, (u,p) must be extended by zero off Q, too. 
This extension is reasonable since u = 0 on An extension of u off as an 
function exists but is unknown, in particular since u is not known. 
Using this extension, instead of u = 0 on \ 11, would make the extension of f 
unknowable and hence f uncomputable in (1). Thus, define 

u = 0, Uo = 0, p = 0 f = 0 if X ^ 11. 



The extended functions possess the following regularities: 



uG 



, pgLo(R^) for a.e. t G [0,r], 
u £ H(0, T)/j for a.e. x £ . 



From (4) and (6) follow that the first order weak derivatives of the extended 
velocity Ut, Vu ,V • u and V • (uu^) are well defined on R^, taking their indicated 
values in H and being identically zero off H. 

Since u 0 (i?^(R‘^))^, p ^ iJ^(R^), the terms V • D(u) and Vp must be 
defined in the sense of distributions. To this end, let (f G Cq^(R^). Since p = 0 on 
R^ \ H, we get 

(Vp)((p) - / p(x)V(p(x)dx = / (p(x) Vp(x)dx - / (p(s)p(s)n(s)ds. (7) 

jRd Jn Jan 
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In the same way, one obtains 



V-D(u)((^) •= - / D (u) (x) V(/;(x)dx 



= / (/?(x) V • D (u) (x)dx - / (f{s)B (u) (s)n(s)ds. 

Jn JdQ 

Both distributions have compact support. Prom (7) and (8) it follows that the 
extended functions (u,p) fulfill the following distributional form of the momentum 
equation: 



Ut-2i/V-D(u)+V-(uu^)+Vp ^ f+y* ^2i/D(u) (s)n(s)-p(s)n(s)^(y9(s)ds. (9) 

The correct space averaged Navier-Stokes equations are now derived by con- 
volving (9) with a filter function g{x) e Let H{(p) be a distribution with 

compact support which has the form 

H{^) = - f f{x)da^{x)dx, 

Jr^ 



where da is the derivative of (p with the multi-index a. Then, H ^ g ^ 
see Rudin [22, Theorem 6.35], where 

H{x) = {H^ g){x) := H{g{x -.)) = -/* f{y)dag{x - y)dy. (10) 

jRd 

Applying the convolution with g to (9), using the fact that convolution and dif- 
ferentiation commute on R^, Hdrmander [14, Theorem 4.1.1], and convolving the 
extra term on the right hand side accordingly to (10), we obtain the space averaged 
momentum equation 

Tit - • D (u) -h V • (uu^) -h Vp 

= f + / p(x - s) [2i/P (u) (s)n(s) - p(s)n(s)] ds in(0,T]xR^. (11) 

Jdn 

Remark 2.2. If the viscous term in the Navier-Stokes equations is written as i/Au 
instead of 2uW • D (u), the resulting space averaged equation is given by replacing 
2uB{\i) in (11) by i/Vu. 

Definition 2.1. The commutation error A^(S(u,p)) in the space averaged Navier- 
Stokes equations is defined to be 

As{S{u,p)) := f p(x-s)(S(u,p)n)(s)rfs. 

Jon 

The correct space averaged Navier-Stokes equations arising from the Navier- 
Stokes equations on a bounded domain thus possess an extra boundary integral, 
As{S{u,p)). Omitting this integral results in a commutation error. Including this 
integral in (1) introduces a new modeling question since it depends on the unknown 
normal stress on dO. of (u,p) and not of (u,p). 




58 



A. Dunca, V. John and W.J. Layton 



3. The Gaussian filter 

We will present the results in the following sections for the Gaussian filter. This 
filter fits into the framework of Section 2. We shall briefly present the filter’s 
properties that are used in the subsequent analysis in this section. 




Figure 1. The Gaussian filter function in one dimension for 
different S 



The Gaussian filter function has the form 









see Figure 1, where || • ||2 denotes the Euclidean norm of x G and 5 is a user- 
chosen positive length scale. The Gaussian filter has the following properties, which 
are easy to verify: 

- regularity: gs G C^(R^), 

d 

- positivity: 0 < ^^(x) < % 

- integrability: ||5<5||LP(R<i) < oo, 1 < p < oo, ||s' 5 ||li(e<i) = 1, 

- symmetry: gs{x) = p^(-x), 

- monotonicity: gs{x.) > gs{y) if ||x||2 < ||y||2. 



Lemma 3.1. 

i) Let if G L^(R^), then for 1 <p < oo, 

lim *(fi- <p||iP(K<i) = 0. 

d -^0 
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ii) Let ip G If ip is uniformly continuous on a set u, then gs ^ ^ ^ ^ 

uniformly on lo as 5 Q. 

hi) Ifip^ then for 1 < p < oo, 0 < r < oo, 

lim \\g6^^-^\\w-^p{Rd) =0. 

S — >^0 

Proof The proof of the first two statements can be found, e.g. in Folland [8, 
Theorem 0.13]. The third statement is an immediate consequence of the first one. 

□ 



For convenience, the Gaussian filter function with a scalar argument x is 
understood in the following to be 

d 

{ii) ‘ “p 




4. Error estimates in the (i/(M^))^-norm of the commutation 
error term 



In this section, it is shown that the commutation error As{S{u,p)) belongs to 
(L^(R^))^. We show that As{S{u^p)) vanishes as 5 ^ 0 if and only if the normal 
stress is identically zero a.e. on dQ. As noted earlier, this condition means the wall 
have zero influence on the wall-bounded turbulent flow. Thus, it is not expected 
to be satisfied in any interesting flow problem ! 

In view of Definition 2.1 and Lemma 2.1, it is necessary to study terms of 
the form 

I (/a(x-s)V’(s)ds (12) 

JdQ 

with G 1 < ^ < 00 . We will first show, that (12) belongs to L^(M^), 1 < 

p < oo. 

Proposition 4.1. Let G L^{dQ), 1 < ^ < oo, then (12) belongs to L^(R^),1 < 
p < oo. 



Proof. By the Cauchy-Schwarz inequality, one obtains with r ^ -\-q~ = l,q>l, 



j ■. 



gs{x - s)^l;{s)ds 



< 



an 



l/r 



5fJ(x-s)ds IIV^IlL^(ao) 






(i) exp(^-^||x-s||^)ds) ML.idny 



Ijr 



As 2||x - s ||2 > ||x ||2 - 2||s||2, it follows that 



exp 



6r||x - s|| 
^2 



< exp ( 3r 



l|x||i + 2||s|| 

<52 
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and 



f: 

Jdn 



gs{x-s)^p{s)ds 



< 



-) 

< 00 , 



d/2 



ll«/'IU«(an) ( / exp 
\Jdn 



6r||s||i 



1/r 

ds ) exp 



3||x||i 



(13) 



since dU is compact and the exponential is a bounded function. This proves the 
statement for The proof for p e [1, oo) is obtained by raising both sides 

of (13) to the power p, integrating on and using 




dx < 00 . 



If ^ = 1, we have for 1 < p < oo 



/ / p^(x-s)V^(s)ds 

JRd- JdQ 



dx 



< / sup 5^(x-s)dx 

jRd sedQ ^ 



We choose a ball 5(0, i?) with radius R such that d{x,dO.) > ||x||2/2 for all 
X 0 5(0, 5). Then, the integral on is split into a sum of two integrals. The first 
integral is computed on 5(0,5). This is finite since the integrand is a continuous 
function on 5(0, 5). The second integral on \ 5(0, 5) is also finite because 




and the integrability of the Gaussian filter. This concludes the proof for p < oo. 
For p — oo, we have 



ess sup 



/ p^(x-s)^(s)ds 

Jdfi 



< ess sup ess sup p^(x - s)||V^||i,i(aQ) < pj(0)||V^||Li(ao) < oo. 
sedn 



□ 



In the next proposition, we study the behaviour of the L^(R^)-norm of (12) 
for J ^ 0. 



Proposition 4.2. Let 'ijj G L^(9fi), 1 < p < oo. A necessary and sufficient condition 
for 



lim 

5-^0 



/ p^(x-s)V^(s)ds 
Jan 



= 0 , 



\LP(Rd) 



1 < p < OO, is that ijj vanishes almost everywhere on dO,. 



(14) 
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Proof. It is obvious that the condition is sufficient. 

Let (14) hold. From Holder’s inequality, we obtain for an arbitrary function 

^ G 



lim / (/^(x) ( / gs{x- s)V^(s)ds ) dx 

■5— OUlrf \JdQ 

< lim ||v?||x,<,(Rd) 

d— 



h 

Jdn 



gs{x - s)V’(s)ds 



LP(Rd) 



(15) 



where p ^ + q ^ = 1. By Fubini’s theorem and the symmetry of the Gaussian 
filter, we have 



lim / (f{x.) ( / P( 5 (x - s)V^(s)ds ) dx 

<^-"0 Jmd \Jdn / 

= lim / V^(s) I / ^^(x — s)(/?(x)dx I ds = / '^(s)(/?(s)ds. 

Jdn kJr^ J Jdn 

The last step is a consequence of Lemma 3.1 since (p G L^(R^) and p is uniformly 
continuous on the compact set dPt. Thus, from (15) follows 



0 = 



j 

Jdn 



'tp{s)ip{s)d 



s 



for every p G C^{R^). This is true if and only if t/;(s) vanishes almost everywhere 
on □ 



We will now bound the L^(R^)-norm of (12) in terms of S. The next lemma 
proves a geometric property which is needed later. 

Lemma 4.1. Let c d = 2,3 be a bounded domain with Lipschitz boundary 
Then there exists a constant C > 0 such that 

|{x e R‘^|d(x,aO) < y}| < C'(i/ + 2/'^) ( 16 ) 

for every y >0, where \ • | denotes the measure in 

Proof. For simplicity, we present the proof for Pt being a simply connected domain. 
The analysis can be extended to the case that dVt consists of a finite number of 
non-connected parts. 

We will start with the case d = 2. We fix a point xq on dO. and an orientation 
of the boundary. Next, we construct xi such that the length of the curve between 
Xo and Xi is y. Continuing this construction, we obtain a sequence (x^)o<z<n such 
that for every 0 <i < N the length of curve between and x^-^i is y. The length 
of the curve between xn and xq is less or equal than y, see Figure 2. The number 
of intervals is AT + 1 with N < \dQ\/y < N + 1. Obviously, we have 

{xeM^\d{x,dn) <y} = (J B{x,y). 

■x.£dn 
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Figure 2. Mesh on dQ for d = 2 

But for every x in Oft, there exists an i such that x is on the part of the curve from 
Xi to Xi+i or from xn to xq. By the triangle inequality, this implies B(x,y) C 
B(xi,2y). Thus 

{x G <y] C y B{xi, 2y), 

0<i<N 

from which 

|{xeM‘^Kx,aO)<2/}| < Y,\B{^u2y)\<(— + AW 

i=o \ y J 

— A'K\dQ\y + Airy^ 

follows. 

In the case d = S, dfl is a compact manifold. Then, for every x G 
there exists a neighborhood ?7x C dQ such that its closure (7x is homeomorphic 
to a closed square Vx C through the homeomorphism 0x • Fx ^ ?7x- The 
homeomorphism is Lipschitz continuous with a constant L. We cover the manifold 
by 

dn= U c/, 

■x.£dQ 

and, because dQ is compact, we can choose a finite cover (C/xi)o<z<Ar which will be 
fixed. Let the length of the sides of Vx^ be equal to a^. We create a mesh over on 
Fxi of cells of size y/L (or smaller). On this mesh, there are less than {aiL/y + 2)‘^ 
vertices and we denote them by (zj)o<j<p^ where Pi < {aiLlyP 2)^. The order of 
the vertices is not important. Next, we consider z G C/x^. Then, we find the closest 
vertex on the mesh to and denote it by z^. It is easy to see that 

\\Zk - 4 >~Hz)\\2 < I 
and the Lipschitz continuity of (j) gives 

\\ 4 >{zk) - z||2 < L\\zk - i>~^{z)\\2 < y. 
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ylL 




Figure 3. Homeomorphic map to the square d = 3 



By the triangle inequality follows now 

B{z,y) C B{4>{zk),2y). (17) 

Because z G was chosen arbitrary, for every z G Ux^ there exists G Vxi 
such that (17) holds. Combining (17) for Uxi, 0 < i < N, gives 

{x G R^|d(x,9f2) <y} C U U B{(j){zk),2y). 

0<i<N 0<k<Pi 

By the sub-additivity and monotonicity of Lebesgue measure, we obtain 
\{xeR^\d{x,dQ) <y}\ < '^'^\B{(j){zk),2y)\ + 2^) ^ny^ 

k=0 i=0 ^ ^ ^ 

< C(y^ -h y) 

for an appropriately chosen positive constant C. Note, the quadratic term in y can 
be absorbed into the linear term for y <1 and into the cubic term for y > 1. □ 



Proposition 4.3. Let Q. be a bounded domain in with Lipschitz boundary dQ, 
'll; G for some p > 1 and p~^ + q~^ = 1. Then for every a G (0, 1) and 

k G (0, oo) there exist constants C > 0 and e > 0 such that 



I P- 

Jr<^ Jdfl 



gs{x - s)V’(s)ds 



dx < 



cs^+’^i 



(d— l)o 



“"Guv’ll 



k 

Lp{dn) 



(18) 



for every 5 G (0, e) where C and e depend on a, k and |30|. 



Proof We fix an Q; G (0, 1). From Holder’s inequality, we obtain 

/ / 5i(x-s)V>(s)ds dx< / (/ 3|(x-s)ds) dx ||V’||ip(aa)- 

Jon Jr^ \Jdn / 
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Let be the ball centered at x G and with radius 5^. Then, the term 

containing the Gaussian filter function can be estimated by the triangle inequality 



[ ([ 5 l(x-s)ds'j dx<C{k)(f Bl(x)dx+ [ Cl{x)dx 

JR<^ \Jdn J JRd 



where 



B.(x) = ^ 



1/g 



aonJ5(x,(5<^) 



gl{x ~s)ds 






(19) 



1/q 



dQ\B{y:,S^) 



g|(x-s)ds 



with the constant C{k) depending only on k. We estimate the terms in (19) sepa- 
rately. 

Using the monotonicity of the Gaussian filter, one can obtain the following 
inequality 

g^{6°‘) ifd{x,dQ.) <5°^, 

gg{d{x,dO,)) if d{x,dil) > 

where C = C(|9f2|). We refer to the function behind the brace as bounding func- 
tion, see Figure 4 for a sketch in a special situation. 






<c{ 




Figure 4. Bounding function of C|(x), d = 2, dO. = B(0, 1), 

S = 0.1, a = 0.99, fc = 1, C = 27 t 

Let C{t) = {(z,t)|d(z, 5n) < y^t = < y < oo} be the cross section 

of the bounding function at the function value t and A(t) = \C{t)\ the area of the 
cross section. Then 

r 

/ C|^(x)dx <C A{t)dt. 

Jr^ Jo 
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Prom Lemma 4.1, we know A{t) < C{y^ H- y), with C depending only on fl. Using 
g^{y) — t, changing variables and integrating by parts yield 



A{t)dt < C' {y^ + y)dt = cj (/ + y) — (g^(j/))dy 



C - d [ y‘^-^gUy)dy - / gUy)dy 

\ J oo J oo 



The integrals on the last line will be estimated using the change of vari- 
ables y = S/t and by monotonicity considerations of the arising integrand. For 6 
sufficiently small, one obtains 

£ C|(x)dx < C + 6--'^^) exp , 

from what follows, since a < 1, 

lim / Q^(x)dx = 0. 

<^■^0 jRd 

Now we will bound the second term in (19). The function S|(x) can be 
estimated from above in the following way 

< I ^ gl(d{x,dn)) if d{x,dn) < d°‘, 

ifd(x,an) ><5“, 

see Figure 5 for an illustration of the bounding function in a special situation. The 
bounding function is discontinuous, having a jump from the value 0 to the value 
CgliS^) at {x € I d{x,dn) = 5“}. 




Figure 5. Bounding function of Bg{x), d = 2, dCl = B(0, 1) 
S = 0.1, a = 0.99, k = l,C = 6°‘ 
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(d—l)ak , 

5 ^ {d{x, dQ))dx. 



Since dQ is smooth, we have |9f^fl5(x, if S is small enough. 

It follows 

[ Bl{x)dyi <C [ 0 ^ 

jRd 7{ci(x,aQ)<(5«} 

We will estimate the integral by integrating over the cross sections of the function 
in the integral. For the function values t, 0 < t < g^{5^)^ all cross sections have 
the same form. For function values t = g^{y), 0 < y < the cross section 

is {x G I d{x,dOs) < y}. We denote the area of the cross sections by A{t). 
Integration of the areas gives 

rg^sin rasW 



L 



{d(x,5Q)<(5‘ 



f95 ) r9s VUj 

g^ {d{x, dO.))dx = / A{t)dt-\- / A{t)dt 

•>'0 

= A{gl{5-))gl{5-) + / A{t)dt 



^9l(S-) 

We will use now the estimate of the areas of the cross sections given in Lemma 4.1. 
If y is small enough, the term y^ can be absorbed into the term y in this estimate. 
Thus, if 6 is small enough, we have |{x G | d(x, < y}| < Cy, 0 < y < 5". 
We obtain, changing variables and applying integration by parts 



r9sW d / y 

/ A{t)dt <-C y-r9s{y)^y = C + / gsiy)dy 

JgliS-) Jo ay \ Jo J 

The last integral can be estimated further with the substitution y = 5s: 

^1 — kd 






I 



9liy)dy < C5^ 



( 20 ) 



with C depending on k. Collecting estimates, using A{g5{5^)) < which results 
in the cancellation of the terms 5^g^{5°'), we obtain 



/ 



B^(x)dx < C5^ 



The estimate for Cs{x) converges exponentially for 5-^0. Thus, for 5 suffi- 
ciently small, the estimate of Bs{x) will dominate. This proves the proposition. □ 



5. Error estimates in the {H ^(fi))^-norm of the commutation 
error term 

The main result of this section is that the commutation error tends to zero in 
as 5 ^ 0, see Proposition 5.1. The order of convergence is at least 0(5^/^). 

Lemma 5.1. There exists a constant C, which depends only on d, such that 

11 ^ “ < CS^^‘^\\v\\Hi(Rd>^ 

for any v G and any 5 > 0. 



(21) 
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Proof. By using the definition of || • we have 



lrri/2(Md) 



Jr<^ 



l{\\^h>n/S} 



(l + ||x||i)V2|l-^,|2|^?|2dx 



(l + ||x||2)l/2|l_^,|2|^;|2dx, 



^{||x||2<x/i} 

where v denotes the Fourier transform of v and the Fourier transform of the Gauss- 
ian filter is given by 

5 ^(x) =expf-|-||x||A (22) 



First, we prove a bound for the first integral. There exists a constant C > 0, 
which does not depend on 5 and v, such that (1 -h < CS for ||x||2 > tt/5. 

From (22) follows the pointwise estimate |1 — p<5(x)| < 1 for any x G Thus, the 
first integral can be bounded by 






(l + ||x||2)l/2|l_^,|2|^y|2d^ 



(l + ||x||2)(l + ||x||r^/^H2dx 



J{\\x\\2>n/S} 

< CS f (1 + ||x||2)|u|^dx. 

J{\M2>7./S} 

A Taylor series expansion of (22) at ||x||2 = 0 and for fixed ^ gives 



9s{x) = 1 - ^ 

such that we have the pointwise bound 



+ 0(<5^||x||^). 



|1-5 ^(x)| 2 <CT||x ||2 

for any ||x||2 < tt/5 where C does not depend on 5 or x. In addition, ||x||2 < 
(1 -h llxlll)^/^ and consequently the second integral can be bounded as follows: 

[ {l + \\x\\lY^^\l-gs\^\v\Mx <CS [ (l + ||x||")|^;|2dx. (24) 

^lllxll9<7r/(5> J{||x||2<7r/<5} 



|*^{||xll2<^/<5} 

Combining (23) and (24) gives 



<C5 [ (l + ||x||i)|i;pdx = C(5||^||^i( 

jRd 
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Let H ^ (Q) be the dual space of Hq (fi) equipped with the norm 

II II 

veH^{n) 

where (•, •) denotes the dual pairing. 

Proposition 5.1. Let -0 G L‘^(dil), then there exists a constant C > 0 which depends 
only on Q such that 



/ 5f^(x-s)V^(s)ds 

JdQ 



for every J > 0. 

Proof Let v G Hq{Q). Extending v by zero outside Q, applying Fubini’s theorem, 
using that v vanishes on applying the Cauchy-Schwarz inequality, the trace 
theorem and Lemma 5.1, give 



/ ( / ^< 5 (x — s)^(s)ds j u(x) o!x = / 'ip{s)v{s)ds 

JQ \Jdn J JdQ 

= / ^(s) (v(s) - z;(s)) 

Jan 



ds 



< ll^; - 



< 






Division by \\v\\h^ (q) and using the definition of the H ^ (Q) norm gives the desired 
result. □ 

Let 

W = = 0} 

and let the assumption of Proposition 5.1 be fulfilled. An inspection of the proof 
shows that then also 



/ gs{x - s)V’(s)ds 

Jdn 



< sup 



, / gs{x - s)i){s)di 

Jdn 



< C(5^'^^||V'||L2(9n)- 



6. Error estimates for a weak form of the commutation error term 

In this section, we consider a weak form of the commutation error term. As (§(u, p)) , 
multiplied with a suitable test function v(x) and integrated on The following 
proposition shows that this weak form converges to zero as 5 tends to zero for 
fixed u(x). For d = 2, Corollary 6.1 and Remark 6.1 show that the convergence is 
(at least) almost of order one if xp is sufficiently smooth. 
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Lemma 6.1. Let v G such that G Hq{Q>) fl and v{x) = 0 if 

and let 'll; G LP{dQ), 1 <p < oo. Then 

lim / ^(x) I / - s)?/j(s)ds ) dx = 0, 

J^d \Jdn ) 

where v{x) = {gs * ^)(x). 

Proof. By Fubini’s theorem and the symmetry of gs^ we obtain 

lim / ^(x) ( / gs{x — s)'il;{s)ds] dx 

^-^0 J^d \Jdn ) 

= lim / V^(s) ( / - x)^(x)da: ) ds. 

JdQ KJr^ J 

By a Sobolev imbedding theorem, we get v G from what follows by the 

construction of v that v G L^(R^). Holder’s inequality for convolutions gives 
V G In addition, v is uniformly continuous on the compact set dO.. The 

same holds for v since v G by a Sobolev imbedding theorem. Applying twice 

Lemma 3.1 gives 

lim / v{x) ( / gsix — s)^(s)ds \dx= ^(s)i;(s)ds = 0, 

< 5^0 J^d \Jdn ) Jan 

since v vanishes on (9fi. □ 

With the result of Proposition 4.3, we want to study the order of convergence 
with respect to 6 of the weak form of the commutation error term. 

Proposition 6.1. Let v and 'll; be defined as in Lemma 6.1 and let the assumption 
of Proposition A. 3 be fulfilled. Then, there exists an e > 0 such that for 5 G (0, e) 



/ v(x) / 5T^(x-s)V^(s)ds 

jRd Jan 






Lp{aQ)\\^\\H^{n)^ 



where k G [l,oo), ^3 G (0, 1) ifd=2 and j3 = 1/2 if d = 3, p ^ q ^ = 1, p > I, 
and C and e depend on a, k and |3fl|. 

Proof. Analogously to the begin of the proof of Proposition 4.3, one obtains 
/ ^(x) / gs{x-s)'ilj{s)ds dx 

jRd Jan 

< C{k) f \v{x)Bs(x)fdx+ [ |u(x)C^(x)|''dx ||V'|lip(an)> 

Jr^ JRd J ^ 

where Bs{x.) and Cs{x) are defined in the proof of Proposition 4.3. The terms on 
the right hand side are treated separately. 

In Proposition 4.3, it is proven that G for every k G (0, oo). This 

implies 

- Cf = cl’ 6 
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since k' G (0, oo). That means G for p G [1, 00 ). From the bounding 

function of it is obvious that G too. Using Holder’s inequality for 

convolutions, see Adams [1, Theorem 4.30], and ||5'<5 ||li(r^) = if follows 

II^IIl^(E^) < lb(5||Li(]R^)||^||L9(Erf) = lbl|L9(E^) 
where 1 < g' < oo. With the same argument, we get for qk >1 

II'^^IIl^(E^) = ll'^llLgfc(E^) — ll'^llL9fc(E^)* 

By the regularity assumptions on v, it follows v G C^(R^). This implies, together 
with u = 0 outside ft, that v G for every 1 < p < oo. Consequently, 

||t^||x,qfc(E‘i) < 00. Applying Holder’s inequality, we obtain 



f \v{x)Cs{x)\’^dx< |b||LQ^(Rd)||Cf(x)||i,p(Rd). 

jRd 

For the second factor, we can use the bound obtained in the proof of Proposition 
4.3, replacing k by kp. Thus if S is small enough, we obtain 

lu(x)C5(x)|^dx < C(5““ (<5“^“ + <5“)^''^ exp ll«llL'i^(R<*) (25) 

for every test function v which satisfies the regularity assumptions stated in Lemma 

6 . 1 . 

The estimate of the second term starts by noting that the domain of integra- 
tion can be restricted to a small neighbourhood of dft 




\v{^)Bs{x.)\’^dx 



< 

< 



I 



{d{-x.,dQ)<6^ } 

Il'^lli“({<i(x,af2)<5“}) 



|t;(x)55(x)|*'dx 



1. 



{d{x,dn)<6^} 

(d-l)Q N 



5,^(x)dx 



IPIlL~({d(x,af^)<5“})" ’ ) 



(26) 



where a G (0, 1) and p~^ q~^ = 1- The last estimate is taken from the proof of 

Proposition 4.3. It remains to estimate the norm of v. By the triangle inequality, 
we obtain 



lb||L°°({d(x,aQ)<<5«}) < 11'^ - '^||L°°({d(x,af^)<5«}) + lkllL°°({d(x,a^7)<(5«})- (27) 

Since v G H‘^{ft), we have v G with ^ G (0, 1) if d = 2 and (3 = 1/2 if 

d — 3. That means, there exists a constant Ch > 0 such that 

|w(x) - v(y)| < ChIIx - y||f for all x,y e 0. 

By the Sobolev imbedding theorem, this constant can be estimated by Ch < 
We fix an arbitrary x G {d(x, < S^} and we take y G dft with 

||x — y||2 = d(x,y). Since v vanishes on dft, we obtain ||u(x)||2 < CHd{x,dfl)^ . It 
follows 
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The first term on the right hand side of ( 27 ) is, using that the norm of the 

Gaussian filter is equal to one, 

ll« - u||L~({d(x,an)<5“}) = ess sup / gs{x - y)(u(x) - u(y))dy . 
xe{d{x,dQ)<S°‘} JR'i 

Since v vanishes outside Q, it can be easily proven that 

|u(x) -u(y)| < CH\\y~-y\\2 

holds for all x, y G We obtain, using the symmetry of the Gaussian filter, 

/ 5^5(x-y)(^(x)-^(y))dy 

< Ch [ g<5(x-y)||x-y||^dy = ( 7 /f [ gs{Sz) 6 >^+'^\\z\\^dz 

jRd J^d 

= CChS^ [ exp(-6||z|||)||z||^dz. 



The last integral is finite. Thus, we can conclude 

\\v - v\\Loo(^{d{x,dn)< 6 ^}) < CChS^. 

Since 6 ^ decays faster for small 5 than 5 ^^, we obtain the estimate 






Combining this estimate with ( 26 ) and using the estimate for Ch^ we get 



[ \v{x)Bs{x)\’^dx < 

jRd 









This dominates estimate ( 25 ) for small 6 . Collecting terms, gives the final result. 

□ 



An easy consequence of Proposition 6.1 is the following 

Corollary 6.1. Let the assumptions of Proposition 6.1 be fulfilled. Then, the weak 
form of the commutation error is bounded : 

f ^(x) / 5 < 5 (x-s)V’(s)ds dx < ( 28 ) 

JRd JdQ. 

Remark 6.1. Let d = 2 and p < oo arbitrary large. Then q is arbitrary close to 
one. Choosing a and /3 also arbitrary close to one leads to the following power of 
S in ( 28 ): 

1 + (—2 + (1 — Cl) + (1 — 62)) = 1 — (ci + C2) = 1 — 63 

for arbitrary small ci,e2,C3 > 0 . In this case, the convergence is almost of first 
order. 

The result of Proposition 6.1 does not provide an order of convergence for 
d = 3 . Lemma 2.1 suggests choosing p = 4 , i.e. q = 4 / 3 . Then, the power of 6 in 
( 28 ) becomes 2 {a — 1 ), which is negative for o; < 1 . 
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7 . The boundedness of the kinetic energy for u in some LES 
models 

The space averaged Navier-Stokes equations 



ut — i/Au + V • (uu 


^) + Vp 


(29) 


1 

+ 

II 


s) [z^Vu(f,s)n(s) 


— p{t, s)n(s)] ds in (0, T) x E'^ 


Jan 






<1 

II 

o 


in (0,T) X 


(30) 


u It^o = Uo 


in E*^ 


(31) 



are not yet a closed system since the tensor uu^ is a priori not related to u and 
p. One central issue in LES is closure : modeling this tensor in terms of u and p. 

In this section, we will apply the results of Section 6 to show that the kinetic 
energy of u is bounded for a number of LES models including the previously 
omitted As{S{u^p)) commutation error term if S is sufficiently small. 

7.1. The Smagorinsky model 

We consider first one of the simplest LES model which goes back to Smagorinsky 
[24]. This model is obtained by 

uu^ uu^ - Ci,5^||Vu||fVu + terms absorbed into Vp, 

where Ci^ > 0 and || Vu||ir = (Vu : is the Probenius norm of Vu. 

The existence and uniqueness of a weak solution of the Smagorinsky model 
posed in a bounded domain, with homogeneous Dirichlet boundary conditions and 
without the boundary integral in (29) has been proven by Ladyzhenskaya [17, 18] 
and Du and Gunzburger [7]. 

The momentum equation of the Smagorinsky model has the form 
Ut - V • ((i/ + acJ^llVullir) Vu) + V • (uu^) + Vp 
= f + f 95(x - s)V'(t,s)ds in(0,T)xR'^ (32) 

JdQ 

with s) = z/Vu(t, s)n(s) -p(t, s)n(s). We assume, there exists a solution (u,p) 
of (32), (30), (31) Multiplying (32) by u and integrating on gives 

/ V-((i^ + a<52||Vu|li.)Vu)-udx 
at z j^d 

+ / V (uu^) udx+ / Vp udx 

Jmd 

= / f-udx+ / u(t,x)-( / p<$(x - s)^(t,s)ds ) dx. (33) 

jRd J^d \JdQ J 
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Next, the terms on the left hand side are studied. Using the definition of u, chang- 
ing variables, noting that u vanishes outside Q. and applying Fubini’s theorem, we 
obtain 



/ Vp(x) • u(x)dx 

= [ «(y) ■ ( [ Vp(y + z)gs{z)dz] dy 

jR’i Vr<» / 

= [ 9s{2) ( / Vp(y + z) • u(y)dy ) dz 

Jr<‘ \Jq J 

= I gs{'i)(- I p(y + z)(V-u)(y)dy+ / p(s + z)u(s) • n(s)ds ) dz 

JR^ \ Jn JdQ J 



= 0 , 



since u is divergence free and vanishes on With an index calculation, using that 
u is divergence free in R^, and applying the same arguments as for the pressure 
term, one obtains 



[ V (uu^)-udx= i / V(u • u) • udx = 0. 

jRd. 2 J^d 

By applying Pubini’s theorem in the same way as before, it follows that 
- [ V • ((l/ + 

JR‘‘ 

= I ((i/ + a<52||Vu||ir)Vu) : Vudx 

Jr^ 



> 0 . 



The first term on the right hand side of (33) is estimated by the Cauchy-Schwarz 
inequality and Young’s inequality 



/ 

JR° 



/R^ 

We obtain 



d ll^ll(L2(]R‘i))‘i 



f -udx< ||f||(^2(3^d))d||u||(£^2(]i^d))d < 



{L^{Rd))d ||U||^£,2(Kd))d 



+ 



dt 



^ ll^ll(L2(Ed))d ll’^ll(L2(Ed)) 

r\ 



-+/ u(i,x)-{/ gs{x.-s)ip{t,s)ds]dx. 
JRrf \Jan J 
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Assuming f G L^0,T-, {L'^{R^)Y), SO that Gronwall’s lemma can be applied, gives 

ll^(^)ll(L2(Rd))d 

2 

< (34) 

2 Jo 2 

+ f exp(T -t)([ ti(t,x) • f f gs{x - s)'0(t,s)ds^ dx^ dt. 

Jo \Jr^ \Jdn ) ) 

Thus, the kinetic energy of u at time T is bounded by the kinetic energy of the 
initial data, by the right hand side and by a third term, which vanishes as 5 —> 0 by 
Proposition 6.1. For d = 2, it follows from Remark 6.1, (5) and Young’s inequality 






(L2(R2))2 






(£2(R2))2 ^ r 

Jo 



dt 



< exp(T)- 

+CS^ exp(T - t) ^||u(t)||(^ 2(^))2 + IIpWIIhi(q)) dt 



(35) 



with arbitrary 63 > 0 . 



Remark 7.1. One obtains the same result for the deformation tensor formulation 
of the momentum equation and a Smagorinsky model of the form 

uu^ uu^ — Ciyd^||P(u)||FlO)(u) + terms absorbed into Vp. 

7.2. The Taylor LES model 

The second model which we will discuss is called variously gradient method of the 
Taylor LES model developed by Leonard [19] and Clark et al. [4]. In the mixed 
Taylor LES model, a Smagorinsky model for the turbulent fluctuations is included 
in the model of the non-linear convective term given by 

A2 

uu^ ^ uu^ - C'l.d^llVnlli^Vu + —VuVu^. 

JL Zt 

The existence and uniqueness of a weak solution of the Taylor LES model 
in a bounded domain, equipped with homogeneous Dirichlet boundary conditions 
and without the boundary integral in (29) has been proven for Cj^ large enough by 
Coletti [5]. We study the energy balance of the Taylor LES model including the 
term ^^(S(u,p)) 

Inserting the Taylor LES model into (29), multiplying by u and integrating 
by parts, the non-linear convective term and the pressure term vanish as in the 
Smagorinsky model. The bilinear viscous term is obviously non-negative. The non- 
linear viscous term is treated in connection with the third term in the Taylor LES 
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model. Using the same arguments as in the Smagorinsky model, one finds 
[ V • ( -Cj,S^\\Vu\\fVu-\- ^VuVu^^ • udx 

JRd \ / 

r ^2 

= / (7i.(5^||Vu||i?Vu : Vu — (VuVu^) : Vudx. 

jRd 12 

By norm equivalence in x 

/ d / d 

<PiiF<c(d) 5]ia. 



u I ’ 



\i=l 



\i=l 



we get 



II^Vu : Vudx 



[ a<5^iivu|i 

jRd 

= f a52||Vu||3^dx>a52||Vu||i3(R.). 



(36) 



The second term in (36) is estimated in a similar way. Using twice the Cauchy- 
Schwarz inequality, one obtains 

We get finally 

- / (-a(52||Vu||irVu+ ^VuVu^) : Vudx 

\ 12 y 

> ad^||Vu||i3(j,.) - C(d)^||Vu||i3(j,.) > 0 

if Cjy is sufficiently large. 

Now, we can continue as for the Smagorinsky model and obtain also the 
estimates (34) and (35) for the kinetic energy of u if Ciy is chosen large enough 
and if 5 is sufficiently small. 



7.3. The rational LES model 

The rational LES model was proposed in [11]. Including the Smagorinsky model 
for the effects of turbulent ffuctuations, there are two variants of this model, one 
of them has the form 



uu^ uu^ - Ciy(5^||Vu||FVu + —gs * (VuVu^) . 

The existence and uniqueness of generalized solutions of the rational LES model in 
the space periodic case for small data and small times has been proven by Berselli 
et al. [3]. 

Proceeding as in the Taylor LES model, the only difference is the term 

[ ^ (VuVu^) : Vudx. 

JRd tZ 
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The application of Fubini’s theorem and the symmetry of the Gaussian filter yield 

/ 96 ^ (VuVu^) : Vudx = / VuVu^ : {gs * Vu)dx. 

JRd J^d 

It follows with the same arguments as in the estimate for the Taylor LES model, 
using in addition Holder’s inequality for convolutions, 

/ gs^ (VuVu^) : Vudx < / ||Vul ||^||^5 * VuH^dx 

JRd. J^d 

< l|Vu|||3(Rd)||5^*Vu||i3(Rd) 

— ll^^lli3(Rd)ll55||Ll(R<*) = II^U||£3(R<i)- 

This gives the estimate 



/ a^'llVull^ - -gs * (VuVu^) : Vudx 

jRd 

> - C^KCid)^^ ||Vu||i3(R.) > 0 

if Cjy is large enough. 

That means, also for the rational LES model, the kinetic energy of u can be 
estimated in form (34) and (35) if Cy is chosen sufficiently large and 6 sufficiently 
small. 
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The Nonstationary Stokes and Navier-Stokes 
Flows Through an Aperture 

Toshiaki Hishida 



Abstract. We consider the nonstationary Stokes and Navier-Stokes flows in 
aperture domains ft C > 3. We develop the L^-U estimates of the 

Stokes semigroup and apply them to the Navier-Stokes initial value problem. 
As a result, we obtain the global existence of a unique strong solution, which 
satisfies the vanishing flux condition through the aperture and some sharp 
decay properties as t ^ oo, when the initial velocity is sufficiently small in 
the space. Such a global existence theorem is up to now well known in the 
cases of the whole and half spaces, bounded and exterior domains. 

Mathematics Subject Classification (2000). 35Q30, 76D05. 

Keywords. Aperture domain, Navier-Stokes flow, Stokes semigroup, decay 
estimate. 



Dedicated to the memory of the late Professor Yasujiro Nagakura 



1. Introduction 



In the present paper we study the global existence and asymptotic behavior of a 
strong solution to the Navier-Stokes initial value problem in an aperture domain 
ft C with smooth boundary dfl: 

^ dtu + u • Vu = Au — Vp (x G n, t> 0), 

V • u == 0 (x G t > 0), 

u\dn =0 (^ > 0 ), 

u\t=o = a (x G ft), 



( 1 . 1 ) 



where u(x,t) = (ui(x,t),--- ,Un(x,t)) and p{x^t) denote the unknown velocity 
and pressure of a viscous incompressible fluid occupying respectively, while 
a(x) = (ui(x), • • • ,an(x)) is a prescribed initial velocity. The aperture domain ft 
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is a compact perturbation of two separated half spaces U , where H± = 
{x = (xi, • • • ,Xn) G ±Xn > 1}; to be precise, we call a connected open set 
f] C an aperture domain (with thickness of the wall) if there is a ball B C R^ 
such that Q.\B = {H^ U iif_) \ B. Thus the upper and lower half spaces H± are 
connected by an aperture (hole) M C which is a smooth (n — l)-dimensional 

manifold so that 0 consists of upper and lower disjoint subdomains Q± and M: 

n = n^uMuQ-. 

The aperture domain is a particularly interesting class of domains with non- 
compact boundaries because of the following remarkable feature, which was in 
1976 pointed out by Heywood [34]: the solution is not uniquely determined by 
usual boundary conditions even for the stationary Stokes system in this domain 
and therefore, in order to single out a unique solution, we have to prescribe either 
the flux through the aperture M 

(j){u) = N • uda, 

JM 

or the pressure drop at inflnity (in a sense) between the upper and lower subdo- 
mains 

[p] = lira p{x) - lim p{x), 

|x|^oo,rE€i2-|_ |x|— 

as an additional boundary condition. Here, N denotes the unit normal vector 
on M directed to and the flux (j){u) is independent of the choice of M since 
V • u = 0 in Consider stationary solutions of (1.1); then one can formally derive 
the energy relation 

[ \Vu{x)\‘^dx = \p](piu), 

Jq 

from which the importance of these two physical quantities stems. Later on, the 
observation of Heywood in the framework was developed by Farwig and Sohr 
within the framework of theory for the stationary Stokes and Navier-Stokes sys- 
tems [21] and also the (generalized) Stokes resolvent system [22], [18]. Especially, 
in the latter case, they clarified that the assertion on the uniqueness depends on 
the class of solutions under consideration. Indeed, the additional condition must be 
required for the uniqueness if g > n/(n - 1), but otherwise, the solution is unique 
without any additional condition; for more details, see Farwig [18, Theorem 1.2]. 

The results of Farwig and Sohr [22] are also the first step to discuss the 
nonstationary problem (1.1) in the space. They, as well as Miyakawa [53], 
showed the Helmholtz decomposition of the space of vector fields L^(fl) = 
L^(fl) 0L^(fl) forn > 2 and 1 < g < oo, where L^(fi) is the completion in L^(fi) 
of the class of all smooth, solenoidal and compactly supported vector fields, and 
L^(fl) = {Vp G L^{Q)]p G L^^^(fl)}. The space L^(Sl) is characterized as ([22, 
Lemma 3.1], [53, Theorem 4]) 

Ll(Q,) = {u e L^(0); V • u = 0, • u\dn = 0, (j){u) = 0}, (1.2) 

where u is the unit outer normal vector on Oft. Here, the condition 0(u) = 0 
follows from the other ones and may be omitted if g < n/(n — 1), but otherwise. 
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the element of must possess this additional property. Using the projection 

Pq from onto Ll{Q) associated with the Helmholtz decomposition, we can 

define the Stokes operator A = Aq = -PqA on with a right domain as in 

section 2. Then the operator —A generates a bounded analytic semigroup in 
each 1/^(0), 1 < ^ < 00 , for n > 2 ([22, Theorem 2.5]). 

Besides [34] and [21] cited above, there are some other studies on the sta- 
tionary Stokes and Navier-Stokes systems in domains with noncompact boundaries 
including aperture domains. We refer to Borchers and Pileckas [8], Borchers, Galdi 
and Pileckas [3], Galdi [28], Pileckas [55] and the references therein. 

We are interested in strong solutions to the nonstationay problem (1.1). 
However, there are no results on the global existence of such solutions in the 
framework unless g = 2, while a few local existence theorems are known. In the 
3-dimensional case, Heywood [34], [35] first constructed a local solution to (1.1) 
with a prescribed either (!>{u{t)) or [p{t)], which should satisfy some regularity 
assumptions with respect to the time variable, when a G JT^(fi) fulfills some com- 
patibility conditions. Pranzke [25] has recently developed the theory of local 
solutions via the approach of Giga and Miyakawa [32], which is traced back to 
Fujita and Kato [26], with use of fractional powers of the Stokes operator. When 
a suitable <j){u{t)) is prescribed, his assumption on initial data is for instance that 
a G L^(fl),g > n, together with some compatibility conditions. The reason why 
the case q = n is excluded is the lack of information about purely imaginary 
powers of the Stokes operator. In order to discuss also the case where [p{t)] is 
prescribed, Franzke introduced another kind of Stokes operator associated with 
the pressure drop condition, which generates a bounded analytic semigroup on the 
space {u G V • u = 0, z/ • u\d^ = 0} for n > 3 and n/{n — 1) < q < n (based 

on a resolvent estimate due to Farwig [18]). Because of this restriction on q, the 
theory with q > n is not available under the pressure drop condition and thus 
one cannot avoid a regularity assumption to some extent on initial data. 

It is possible to discuss the theory of global strong solutions for an arbi- 
trary unbounded domain (with smooth boundary) in a unified way since the Stokes 
operator is a nonnegative selfadjoint one in see Heywood [36] (n = 3), Kozono 
and Ogawa [44] (n = 2), [45] {n = 3) and Kozono and Sohr [47] {n = 4, 5). Espe- 
cially, from the viewpoint of the class of initial data, optimal results were given by 
[44], [45] and [47]. In fact, they constructed a global solution with various decay 
properties for small a G (when n = 2, the smallness is not necessary). 

Here, we should recall the continuous embedding relation C L^. For 

the aperture domain their solutions u{t) should satisfy the hidden flux condi- 
tion (!>{u(t)) = 0 on account of u(t) G Ll{Cl) together with (1.2). We also refer to 
Solonnikov [62] , [63] , in which a theory of generalized solutions was developed for 
a large class of domains having outlets to infinity. In his Doktorschrift [24] Franzke 
studied, among others, the global existence of weak and strong solutions in a 3- 
dimensional aperture domain when either (j){u{t)) or [p{t)] is prescribed (the global 
existence of the former for n > 2 is covered by Masuda [51] when (j){u{t)) =0). As 
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for the latter, indeed, the local strong solution in the space constructed by him- 
self [23] was extended globally in time under the condition that both a E Hq (fi) 
(with compatibility conditions) and the other data are small in a sense, however, 
his method gave no information about the large time behavior of the solution. 

The purpose of the present paper is to provide the global existence theo- 
rem for a unique strong solution u{t) of (1.1), which satisfies the fiux condition 
(t){u{t)) = 0 and some decay properties with definite rates that seem to be optimal, 
for instance, 

IK^)llL~(n) + l|Vu(0llL"(n) = o (^“^^^) , 

as t 00 , when the initial velocity a is small enough in L^(fl),n > 3. The space 
is now well known as a reasonable class of initial data, from the viewpoint 
of scaling invariance, to find a global strong solution within the framework of 
theory. We derive further sharp decay properties of the solution u{t) under the 
additional assumption a G L^(fi) nL^(fi); for instance, the decay rate given above 
is improved as 0(t“’^/^). For the proof, as is well known, it is crucial to establish 
the L^-L^ estimates of the Stokes semigroup 

||e-*^/||L^(n) < Cr“||/|U,(n), (1.3) 

||Ve-*^/|U.(a)<Cr“-i/2||/|U,(a), (1.4) 

for alH > 0 and / G T^(f^), where a = (n/q — n/r)/2 > 0. Recently for n > 3 
Abels [1] has proved some partial results: (1.3) for 1 < g < r < oo and (1.4) for 
1 < q < r < n. However, because of the lack of (1.4) for the most important case 
q — r = n, his results are not satisfactory for the construction of the global strong 
solution possessing various time- asymptotic behaviors as long as one follows the 
straightforward method of Kato [39] (without using duality arguments in [46] , [7] , 
[48], [49] and [37]). In this paper we consider the case n> 3 and prove 

(1.3) for 1 < g < r < 00 (g 7 ^ 00 , r / 1), 

and 

(1.4) for 1 < q < r < n {r ^ 1) or 1 < q < n < r < oo] 
here, when ^ = 1, / should be taken from L^(fi) fl T^(fi) for some s G (l,oo). 
Estimate (1.4) is thus available, in other words, for r = n if g = n, for r G [q, oo) 
if g G (l,n), and for r G (l,oo) if q = 1. 

Up to now we have the same global existence result as above for the whole 
space (Kato [39]), the half space (Ukai [65], Kozono [41]), bounded domains (Giga 
and Miyakawa [32]) and exterior domains (Iwashita [38]) since the L^-L^ estimates 
(1.3) and (1.4) are well established for these four types of domains. Let us give 
a brief survey on the literature concerning the L^-U estimates. For the whole 
space the Stokes semigroup is essentially the same as the heat semigroup because 
the Laplace operator commutes with the Helmholtz projection. For the half space 
Ukai [65] explicitly wrote down a solution formula of the Stokes system and derived 
(1.3) and (1.4) for n > 2 and 1 < ^ < r < cxd. See also Borchers and Miyakawa 
[4] for (1.3) with 1 < ^ < r < oc and the following literature concerning marginal 
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cases, that is, (1.3) for q = r = oo and (1.4) for ^ = r = 1 or oo: Giga, Matsui and 
Y. Shimizu [31], Y. Shimizu [59], Desch, Hieber and Priiss [17] and Shibata and S. 
Shimizu [58]. For bounded domains (1.3) and (1.4) are deduced from the result of 
Giga [30] on a characterization of the domains of fractional powers of the Stokes 
operator. In this case, moreover, an exponential decay property of the semigroup 
for large t is available. For exterior domains with n > 3, based on (1.3) for ^ = r 
due to Borchers and Sohr [9], some partial results were given by Iwashita [38], 
Giga and Sohr [33] and Borchers and Miyakawa [5]; in particular, Iwashita proved 
(1.3) for 1 < g < r < 00 and (1.4) for 1 < ^ < r < n, which made it possible 
to construct a global solution. Later on, due to the following authors, (1.3) for 
^>2, l<^<r<oo(^/oo,r 7 ^ 1 ) and (1.4) for n > 2, 1 < g < r < n (r 7 ^ 1) 
were also derived: Chen [13] (n = 3), Shibata [57] (n = 3), Borchers and Varnhorn 
[11] (n = 2, (1.3) for q = r), Dan and Shibata [15], [16] {n = 2), Dan, Kobayashi 
and Shibata [14] (n = 2,3) and Maremonti and Solonnikov [50] (n > 2 ). 

In the proof of the L^-U estimates, it seems to be heuristically reasonable to 
combine some local decay properties near the aperture with the estimates 

of the Stokes semigroup for the half space by means of a localization procedure 
since the aperture domain is obtained from U H- by a perturbation within 
a compact region. Indeed, Abels [1] used this idea that had been well developed 
by Iwashita [38] and, later, Kobayashi and Shibata [40] in the case of exterior 
domains. We should however note that the boundary dO. is noncompact; thus, a 
difficulty is to deduce the sharp local energy decay estimate 

^ > 1, (1.5) 

for / G L^(fi),l < g < 00 , where Qr = {x ^ |x| < i?}, but this is the 

essential part of our proof (Lemma 5.3). Estimate (1.5) improves the local energy 
decay given by Abels [1], in which a little slower rate was shown. In 

[1], similarly to Iwashita [38], a resolvent expansion around the origin A = 0 was 
derived in some weighted function spaces. To this end, Abels made use of the Ukai 
formula of the Stokes semigroup for the half space ([65]) and, in order to estimate 
the Riesz operator appearing in this formula, he had to introduce Muckenhoupt 
weights, which caused some restrictions although his analysis itself is of interest. 
On the other hand, Kobayashi and Shibata [40] refined the proof of Iwashita in 
some sense and obtained the L^-U estimates of the Oseen semigroup for the 3- 
dimensional exterior domain. As a particular case, the result of [40] includes the 
estimates of the Stokes semigroup as well. In this paper we employ in principle 
the strategy developed by [40] (without using any weighted function space) and 
extend the method to general n > 3. 

This paper consists of six sections. In the next section, after notation is fixed, 
we present the precise statement of our main results: Theorem 2.1 on the L^-U 
estimates of the Stokes semigroup. Theorem 2.2 on the global existence and decay 
properties of the Navier-Stokes flow, and Theorem 2.3 on some further asymptotic 
behaviors of the obtained flow under an additional summability assumption on 
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initial data. We obtain an information about a pressure drop as well in the last 
theorem. 

Section 3 is devoted to the investigation of the Stokes resolvent for the half 
space H = or H- . We derive some regularity estimates near the origin A = 0 
of (A+ when / G L^{H) has a bounded support, where Ah = -Ph^ is 
the Stokes operator for the half space H (for the notation, see Section 2). Although 
the obtained estimates do not seem to be optimal compared with those shown by 
[40] for the whole space, the results are sufficient for our aim and the proof is 
rather elementary: in fact, we represent the resolvent (A + Ah)~^ in terms of 
the semigroup and, with the aid of local energy decay properties of this 

semigroup, we have only to perform several integrations by parts and to estimate 
the resulting formulae. One needs neither Fourier analysis nor resolvent expansion. 

In Section 4, based on the results for the half space, we proceed to the analysis 
of the Stokes resolvent for the aperture domain fi. To do so, in an analogous way to 
[38], [40] and [1], we first construct the resolvent {\+A)~^Pf near the origin A = 0 
for / G L^{Q) with bounded support by use of the operator (A + Ah) ^Ph, the 
Stokes flow in a bounded domain and a cut-off function together with the result of 
Bogovskii [2] on the boundary value problem for the equation of continuity. And 
then, for the same / as above, we deduce essentially the same regularity estimates 
near the origin A = 0 of (A H- A)~^Pf as shown in Section 3. 

In Section 5 we prove (1.5) and thereby (1.4) for g = r G (1, n] as well as (1.3) 
for r = 00 , from which the other cases follow. Some of the estimates obtained in 
Section 4 enable us to justify a representation formula of the semigroup e~^^Pf 
in in terms of the Fourier inverse transform of d'^{is -f- A)~^Pf when 

/ G L*^(r2) has a bounded support, where n = 2m 1 or n = 2m -h 2 (see (5.3); 
we note that the formula is not valid for n = 2). We then appeal to the lemma 
due to Shibata ([56]; see also [40] and a recent development [58]), which tells us a 
relation between the regularity of a function at the origin and the decay property 
of its Fourier inverse image, so that we obtain another local energy decay estimate 

l|e-‘V/lki„(n«)<Cr"/2+^||/|U,(n), ^>1, (1.6) 

for / G L^{Vl)A < ^ < oo, with bounded support, where £ > 0 is arbitrary 
(Lemma 5.1). Estimate (1.6) was shown in [1] only for solenoidal data / G L^(fi) 
with bounded support, from which (1.5) with the rate replaced by fol- 

lows through an interpolation argument. But it is crucial for the proof of (1.5) 
to use (1.6) even for data which are not solenoidal (so that the support of Pf is 
unbounded). In order to deduce (1.5) from (1.6), we develop the method in [38] 
and [40] based on a localization argument using a cut-off function. In fact, we 
regard the Stokes flow for the aperture domain 0. as the sum of the Stokes flows 
for the half spaces H± and a certain perturbed flow. Since the Stokes flow for the 
half space enjoys the decay estimate with the rate (Borchers and 

Miyakawa [4]), our main task is to show (1.5) for the perturbation part. In con- 
trast to the case of exterior domains, the support of the derivative of the cut-off 
function touches the boundary 50; indeed, this difficulty occurs in all stages of 
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localization procedures in the course of the proof (Sections 4 and 5) and thus we 
have to carry out such procedures carefully. Furthermore, the remainder term aris- 
ing from the above-mentioned localization argument involves the pressure of the 
nonstationary Stokes system in the half space and, therefore, does not belong to 
any solenoidal function space. Hence, in order to treat this term, (1.6) is necessary 
for non-solenoidal data, while that is not the case for the exterior problem. 

Once Theorem 2.1 is established, one can prove the existence part of Theorem 
2.2 along the lines of Kato [39] (see also [26] and [32]) and therefore the proof may 
be omitted. Thus, in the final section, we derive various decay properties of the 
global strong solution as t oo to prove the remaining part of Theorem 2.2 
and Theorem 2.3. This will be done by applying effectively the estimates. 

Recently Wiegner [66] has discussed in detail sharp decay properties of exterior 
Navier-Stokes flows. Our proof is somewhat different from his and seems to be 
elementary. When a G L^(fi)nL^(r2), some decay rates are better than those shown 
by [66] since, unlike exterior Stokes flows, (1.4) is available for 1 < g < n < r < oo. 

Finally, we compare the result on with that for exterior Stokes flows 

from the viewpoint of coercive estimates of derivatives. For the proof of (1.4) there 
is another approach based on fractional powers of the Stokes operator. When Q 
is an exterior domain (n > 3), Borchers and Miyakawa [5] developed such an 
approach and succeeded in the proof of 

llVulUna) < C\\A^'M (1.7) 

for 1 < g < n (this restriction is optimal as pointed out by themselves [6]), which 
implies (1.4) for g < r < n. Independently, as mentioned, Iwashita [38] derived 
(1.4) for g < r < n and, later, Maremonti and Solonnikov [50] showed that the 
restriction r <n cannot be improved for exterior domains. In our case of aperture 
domains, we have (1.4) for g < n < r < oo, which is a consequence of the estimate 
due to Farwig and Sohr ([22, Theorem 2.5]) 

I|V^u||l9(q) < C'||A'u||l<?(o), u G D{Aq), (1.8) 

for 1 < g < n together with an embedding property ([22, Lemma 3.1]); we mention 
that (1.8) holds true for = 2 as well. This argument does not work for the exterior 
problem because (1.8) is valid only for 1 < g < n/2 (n > 3) as shown by Borchers 
and Sohr [9] (the restriction on g is again optimal by, for instance, [6]). Thus, as 
for (1.8), we have the better result. We wish we could expect (1.7) for every g, 
which would imply (1.4) for 1 < g < r < oo; however, so far, no attempts have 
been made at the boundedness of purely imaginary powers of the Stokes operator 
(see [30] and [33] for bounded and exterior domains) and, unless g = 2, estimate 
(1.7) remains open. 

2. Results 

Before stating our main results, we introduce notation used throughout this pa- 
per. We denote upper and lower half spaces by H± = {x e R^;±Xn >1}, and 




86 



T. Hishida 



sometimes write H = or H- to state some assertions for the half space. Set 
Br = {x G \x\ < R} for R ^ 0. Let G! R> be a ^iven aperture domain with 
smooth boundary namely, there is > 1 so that 

in what follows we fix such Rq. Since should be connected, there are some 
apertures and one can take two disjoint subdomains and a smooth (n - 1)- 
dimensional manifold M such that fi = U M U \ Br^ = H± \ Br^ and 

M U dM = n dQ- C Br^ . We set QR = Q,n Br and Hr = H HBr, which is 
one of = H± fi Br, for R> 1. 

For a domain G C integer j > 0 and 1 < ^ < oc, we denote by 
the standard L^-Sobolev space with norm || • ||j,g,G so that L^{G) = with 

norm || • \\q^c- The space Wq’^(G) is the completion of G^(G), the class of 
functions having compact support in G, in the norm || • and W~^^^{G) stands 
for the dual space of with norm || • ||_j^g^G* For simplicity, we use 

the abbreviations || • \\q for || • \\q^Q and || • \\j^q for || • Wj^q^n when G = fl. We often 
use the same symbols for denoting the vector and scalar function spaces if there 
is no confusion. It is convenient to introduce a Banach space 

L^^j(G) = {u G L^(G); supp u C G^}, G = noTH, 

for R ^ 1, where supp u denotes the support of the function u. For a Banach 
space X we denote by B{X) the Banach space which consists of all bounded 
linear operators from X into itself. 

Given R> Rq, we take (and fix) two cut-off functions 2 p±^R satisfying 

i>±,R e [0, 1]), = I J \ (2.1) 

In some localization procedures with use of the cut-off functions above, the 
bounded domain of the form 

D±,r = {x G H±; i? < |x| < i? + 1} 

appears, and for this we need the following result of Bogovskh [2] which provides 
a certain solution having an optimal regularity of the boundary value problem for 
V ’ u = f with u = 0 on the boundary (see also Pileckas [54, Lemma 1], Borchers 
and Sohr [10, Theorem 2.4 (a)(b)(c)] and Galdi [28, Ghapter III]): there is a linear 
operator S±^r from G^{D±^r) to C^{D±^r)^ such that for 1 < g < cx) and 
integer j > 0 

< C||VVll,.z>±.H, (2.2) 

with G = G{R,q,j) > 0 independent of / G C^{D±^r) (where denotes all the 
7-th derivatives); and 

V • S±,h/ - /, 

for all / G G^{D±^r) with ^ f{x)dx = 0. By (2.2) the operator S±^r extends 
uniquely to a bounded operator from W^'^{D±^r) to 
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For G = and a smooth bounded domain (n > 2), let C^^{G) be the set 
of all solenoidal (divergence free) vector fields whose components belong to C^(G), 
and L^{G) the completion of C^^{G) in the norm || • ||g,G- If, in particular, G = 
then the space L%(P) is characterized as (1.2). The space L^{G) of vector fields 
admits the Helmholtz decomposition 

L^(G) = L^(G)0L^(G), l<g<oo, 

with L^(G) = {Vp G L^(G);p G L^^^(G)}; see [27], [60] for bounded domains, 
[4], [52] for G = and [22], [53] for G = Q. Let Pq^c be the projection operator 
from U{G) onto L%{G) associated with the decomposition above. Then the Stokes 
operator Aq^c is defined by the solenoidal part of the Laplace operator, that is, 

D{A,^g) = n W^’^G) n Ll{G), Ag^o = -P,,g\ 

for 1 < ^ < 00 . The dual operator A* of Aq^c coincides with Ag/(g_i) g on 

L"^{G)* = LI^^^~^\G). We use, for simplicity, the abbreviations Pq for and 
Aq for Aq^Q, and the subscript q is also often omitted if there is no confusion. The 
Stokes operator enjoys the parabolic resolvent estimate 

||(A + Ag) ^\\b{l%{G)) ^ (2-3) 

for |argA| < tt — e {X ^ 0), where e > 0 is arbitrarily small; see [29], [61] for 
bounded domains, [52], [4], [19], [20], [17] for G = if and [22] for G = fi. Esti- 
mate (2.3) implies that the operator —Aq generates a bounded analytic semigroup 
{e~tAG-^f > 0} of class (Go) in each L^(G), 1 < ^ < oo. We write E{t) = 6 ~^Ah ^ 
which is one of E±{t) = . 

The first theorem provides the L^-U estimates of the Stokes semigroup e~^A 
for the aperture domain 



Theorem 2.1. Let n > 3. 



1 . Let 1 < q < r < oo [q^ oo^r ^ 1). There is a constant C — C{Q,,n^q,r) > 0 
such that (1.3) holds for all t > 0 and f G L^{n) unless q = 1; when 
q= I, the assertion remains true if f is taken from L^(f2) fl L^{Cl) for some 
s G (1, oo). 

2. Let l<q<r<n{ry^l)orl<q<n<r<oo. There is a constant 
C = C{n,n,q,r) > 0 such that (1.4) holds for all t > 0 and f G Ll{Q.) 
unless q = 1; when q = 1, the assertion remains true if f is taken from 
L^(fi) n L%{Q) for some s G (1, oo). 

3. Let 1 < g < 00 and f G L%{Q). Then 



e ‘"‘/||r==o(i “) 



J as t 0 if q < r < oo^ 

\ as t ^ oo if q < T < oo, 



(2.4) 



||Ve-*V||, = o(r“-V2) I 



as t 0 
as t ^ oo 



if Q ^ ^ oo, 

if Q ^ ^ q < n < r < oo, 



(2.5) 

where a = [n/q — n/r)/2. Furthermore, for each precompact set K in L^(fi) 
every convergence above is uniform with respect to f E K . 
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Remark 2.1. Estimate (1.4) for large t is not proved in the following cases: (i) 
n < q = r < oo, (ii) n < q < r < oo. For the case (i), the decay rate will be 

shown in Lemma 5.4. Since we have (1.4) for g < n < r < oo, a better decay rate 
than can be derived for the case (ii) through an interpolation argument; 

however, we do not know optimal decay rates of in the cases (i) and (ii). 

According to Maremonti and Solonnikov [50], the decay rate is optimal for 

exterior Stokes flows whenever r > n. 

Remark 2.2. Let 1 < g < r < oo (^ 7 ^ oo,r 7 ^ 1). The estimate for 

with the rate is nothing but a simple corollary to (1.3). In fact, for example, 

\\dte-^^f\\oo < < Cr"/2-'||/||i, 

for ^ > 0 and / G L^{Q) fl L® (fi). 

By use of the Stokes operator A, one can formulate the problem (1.1) subject 
to the vanishing flux condition 

(l){u{t))= [ N-u{t)da = 0, t>0, (2.6) 

Jm 

as the Cauchy problem 

dfU + Au-\- P{u • Vu) =0, t > 0; i/(0) = a, (2.7) 

in Given a G and 0 < T < oo, a measurable function u deflned on 

fi X (0,T) is called a strong solution of (1.1) with (2.6) on (0,T) if u is of class 

u e C([0, T)-,LZm n <7(0, T; L»(A„)) n (0, T; L”(fl)) 

together with lim \\u(t) — alL = 0 and satisfles (2.7) for 0 < t < T in L^(ll). 
t-^o 

The next theorem tells us the global existence of a strong solution with several 
decay properties provided that ||a||n is small enough. 

Theorem 2.2. Let n > 3. There is a constant S = (5(0, n) > 0 with the following 
property: if a G T^(0) satisfies \\a\\n < S, then the problem (1.1) with (2.6) admits 
a unique strong solution u{t) on (0, oo), which enjoys 



u{t)\\r = o(t l/2+n/2Tj fom < r < OO, 


(2.8) 


||Vn(f)||„-o(ri/2), 


(2.9) 


||atn(f)||„ + ||An(f)||„ = o(ri), 


(2.10) 



as t ^ oo. 

Remark 2.3. When one prescribes a nontrivial flux 

4>{u{t)) = F{t)eC^'^{[0,T]), 

with some 6 > 0 and T > 0, there is T* G (0,T] such that the problem (1.1) 
with the flux condition admits a unique strong solution on (0, T^) provided that 
a G L^^(O) satisfies the compatibility conditions V • a = 0, • a|an = 0 and (j){a) = 

F{0). This improves a related result of Pranzke [25] and can be proved in the 
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same manner as the proof of Theorem 2.2 with the aid of the auxiliary function 
of Heywood [34, Lemma 11], which is used for the reduction of the problem to 
an equivalent one with the vanishing flux condition (2.6). As is well known, (2.4) 
and (2.5) as ^ > 0 play an important role for the construction of the above local 
solution. 

Remark 2.4. The solution obtained in Theorem 2.2 is unique within the class 

u e C([0, oo); L^{n)), Vu G C(0, oo; L^(f))), 

without assuming any behavior (6.4) near t = 0 as pointed out by Brezis [12]. For 
the proof, one needs the flnal assertion of Theorem 2.1 on the uniform behavior 
of the semigroup as t ^ 0 on each precompact set K in L^(f^) together with the 
theory of local strong solutions mentioned in the previous remark (with (^(iz) = 
F = 0). In fact, it follows from the above property of the semigroup that the 
length of the existence interval of the local solution can be taken uniformly with 
respect to a e K and that the convergence (6.4) of the local solution as t 0 is 
also uniform with respect to a 6 F. These two facts combined with the classical 
uniqueness theorem of Fujita-Kato type [26] (assuming some behaviors in (6.4) 
near t = 0) imply the desired uniqueness result. 

Remark 2.5. Consider the 3-dimensional stationary Navier-Stokes problem 
w • Vu; = Aw — Vtt, V • u; = 0, 

in subject to w\do. = 0 and a nontrivial flux condition (j){w) = 7 G il. When I7I 
is small enough, there is a unique solution w such that w G for 3/2 < 9 < 6 

and Vw G L’^(fi) for 1 < r < 2 with 1|V?/;||2 = 7[7r]; see Galdi [28]. By use of 
Theorem 2.1 it is possible to show the asymptotic stability of the small stationary 
solution w of the class above for small initial disturbance in 1/^(0) in the sense 
that the disturbance u{t) decays like (2.8) and (2.9) as t 00. In fact, the above 
summability properties of Vu; allow us to deal with the term P{w • Vu -h u • Vu;) 
as a simple perturbation of the Stokes operator, as was done by Chen [13, Lemma 
3.1] and Borchers and Miyakawa [7, Theorem 3.13]; see Remark 6.1. 

The flnal theorem shows further decay properties of the global solution when 
we additionally impose -summability on the initial data. 

Theorem 2.3. Let n > 3. There is a constant rj — rf{Q, n) G (0, S] with the following 
property: if a E L^{Q) fl satisfies \\a\\n < rj, then the solution u{t) obtained 

in Theorem 2.2 and the associated pressure p{t) enjoy 

= forl<r<oo, (2.11) 

\\Vu{t) Hr = O forl<r<oo, (2.12) 

\\dtu{t)\\r + \\Au{t)\\r = O forl<r<oo, (2.13) 

||VVi)llr + ||Vp(l)||r=o(r("-"/")/2-ij forl<r<n, (2.14) 
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as t oo. Moreover, for each t> 0 there exist two constants p±{t) G R such that 
p{t) - P±{t) ^ 

\\p{t) - P± (0l|r,Q± = O ^^-(^-^A)/2-1/2^ - 1) < r < 00, (2.15) 

|p+(0-p-(i)| = o(r”/2-i/2+^), (2.16) 

as t ^ oo, where e > 0 is arbitrarily small. 

Remark 2.6. Indeed \/u{t) G for r > n even in Theorem 2.2, but we have 

asserted nothing about their decay rates since they do not seem to be optimal; see 
Remark 2.1 for the Stokes flow. On the other hand, in Theorem 2.3 the decay rates 
of Vu{t) in L^(ri) for r > n are better than for exterior Navier-Stokes flows 
shown by Wiegner [66]. Taking Theorem 5.1 of [17] for the Stokes flow in the half 
space into account, we would not expect u{t) G in general. Thus the decay 

rates obtained in Theorem 2.3 seem to be optimal; that is, for example, ||rA(t)||oo = 
^(^-n/ 2 ) Concerning the exterior problem, Kozono [42], [43] 

made it clear that the Stokes and/or Navier-Stokes flows possess L^-summability 
and more rapid decay properties than (2.11) only in a special situation. 

Remark 2.7. In Theorem 2.2 one could not define a pressure drop (see Farwig [18, 
Remark 2.2]) since the solution does not always belong to L^(f]) for r < n. Due to 
the additional summability assumption on the initial data, we obtain in Theorem 
2.3 the pressure drop written in the form 

[p{t)] = p^{t) - p-{t) = / {dtu + U'\/u-u){t) ■ wdx, 

Jn 

where w G n/{n — 1) < ^ < oo, is a unique solution (given by [22]) of 

the auxiliary problem 

w — Aw + Vtt = 0, V • If; = 0, 

in f] subject to =0 and (j){w) = 1. In fact, the formula above is derived from 
the relations 

[ w ■ Vp{t)dx = -\p{t)](j){w) = -[p(t)], 

Jvt 

/ u{t) • VTrdx = —[i^](j){u{t)) — 0. 

Jq 

3. The Stokes resolvent for the half space 

The resolvent = (A + An)~^PHf together with the associated pressure tt solves 
the system 

Xv — Av + Vtt = /, V • -u = 0, 

in the half space H = or H- subject to = 0 for the external force 
/ G L^{H), 1 < ^ < 00 , and A G C\ (— oc, 0]. In this section we are concerned with 
the analysis of v near A = 0. Our method is quite different from Abels [1]. One 




Navier-Stokes Flow Through an Aperture 



91 



needs the following local energy decay estimate of the semigroup E{t) = e 
which is a simple consequence of (1.3) for Q = H. 

Lemma 3.1. Let n>2,l<g<oo,d>l and R > 1. For any small e: > 0 and 
integer k >0 there is a constant C = C{n, q, d, i?, e,k) > 0 such that 



\\V^d'^E{t)PHf\U,H. < (3.1) 

fort>0,f e (H) and j = 0,1,2. 

Proof. We make use of the estimate 

||V^u||,,H < C\\A^ji\\\r,H, U G D(4S)> (3-2) 

for 1 < r < 00 and j = 1, 2 (Borchers and Miyakawa [4]). For 1 < p < q <r < oo 
it follows from (1.3) for Ft = (3.2) and a property of the analytic semigroup 

that 

\\V^d^E{t)PHf\\,,H. < C\\Af^’^E{t)PHf\\r,H 

< Ct-il^->^\\E{tl2)PHf\\r,H 

< Cr^V2-fc-(n/p-n/r)/2jjjjj^’^ 

for ^ > 0, / G L^^j(id) and j = 0, 1, 2. This estimate with p = q = r implies (3.1) 
for 0 < t < 1. We may assume that 0 < e/n < min{l/^, 1 - Ijq}] and then one 
can take p and r so that 1 — l/p=l/r = e/n and p < q < r. Then the estimate 
above yields (3.1) for ^ > 1. This completes the proof. □ 

Lemma 3.1 is sufficient for our analysis of the resolvent in this section, but 
the local energy decay estimate of the following form will be used in section 5. 



Lemma 3.2. Let n > 2^1 < q < oo and R > 1. Then there is a constant C = 
C{n,q^R) > 0 such that 

\\Emk,,H. + \\dtEit)f\\,,H. < C{\ + (3.3) 

for ^ > 0 and f G D{Aq^H)- 



Proof. The left hand side of (3.3) is bounded from above by 



C{\\AHE{t)f\U,H + \\E{t)f\U,H) < CWfWDiA,,.), 

which implies (3.3) for 0 < ^ < 1. For t > 1 it follows from (1.3) for fi = if with 
r = oo that 

WmfhH^ < C\\E{t)f\U^H < 

The other terms 



||V^£:(i)/||,,^^^ < C\\A^^^E{t)f\\r,H < Ct-^^^E{t/2)f\\r,H {j = 1,2), 
\\dtEmU,H.<Ct-kE{t/2)f\\r,H, 



decay more rapidly since we can take r G (^, oo) above as large as we want. The 
proof is complete. □ 
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We next employ Lemma 3.1 to show some regularity estimates near A = 0 of 
the Stokes resolvent in the localized space 



Lemma 3.3. Let n>3, l<g<oo,d>l and R> 1. Given f G set v{\) = 

(A + An)~^PHf • For any small 6 > 0 there is a constant C = C(n, g, d, i?, e) > 0 
such that 



m—l 



mdTy{m2,,,H, + II^a«(a)I|2,,,h« < C||/I|,,^, (3.4) 



k=0 



for i?e A > 0 (A ^ 0) and f G where 



. — l)/2 if n is odd^ 
if n is even^ 



m-[ 

\ n/2 - 1 

/3 - p{e) = - +e= { ' % . 

^ ^ 2 \ s ij n IS even. 



Furthermore, we have 



sup 



{' 



k(A) 



\\q,H 






(3.5) 



A 0 with Re \>0, where 



w 



rOO 

= / E{t)PHfdt. 
Jo 



Proof. We recall the formula 

poo 

v{\) = (A + Any^PHf = / e-^^E{t)PHfdt, 

Jo 



(3.6) 



which is valid in L^{H) for Re A > 0 and / G L^{H). In the other region {A G 
C \ (— cx),0];Re A < 0} we usually utilize the analytic extension of the semigroup 
{E{t); Re t > 0} to obtain the similar formula. For the case Re A = 0 (A ^ 0) which 
is important for us, however, thanks to the local energy decay property (3.1), the 
formula (3.6) remains valid in the localized space L^{Hr) for / G L^^j(iJ) (the 
function w in (3.5) is well-defined in L^{Hr) by the same reasoning). We thus 
obtain from (3.1) 



iiv^a^(A)ii,,H„ < r 

Jo 



t^\\V^E{t)PHf\U,Hndt<C\\f\\,,H, 



provided that 



j = 0, 1 if fc = 0; j = 0, 1, 2 if n > 5, 1 < fc < m — 1; 
j = 2 if k = m,n = 2m -\- 1] j = 1,2 if k = m,n = 2m + 2. 

For {k,j} = {0,2} we have only to use (3.2) together with (2.3) to see that 

||V2.;(A)||,,h« < C\\AH{X + AH)-^PHf\U,H < C\\f\U,H. 
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The remaining case k = mis the most important part of (3.4). Since 

^CmKIAl— + |A|-(’"+i)}||/||g,H, 

we have the assertion for |A| > 1. For 0 < |A| < 1 and odd n (resp. even n), we 
have already shown the estimate as above when j = 2 (resp. j = 1,2). Thus, let 
j = 0 or 1 for n = 2m + 1 and j = 0 for n = 2m + 2. We divide the integral of 
(3.6) into two parts 

f f^/\M /-oo 1 

dfv{\) = { + \ e-^\-trE{t)PHfdt = u;i(A) + W2{\). 

J\i\\\ J 

Then (3.1) implies 

||VV(A)|l,,^,<qA|-^+^/2||/||,,^, 
for / e On the other hand, by integration by parts we get 

e-V|A| /_l\™ / 1 \ /'°° 

= — ( W ) (w) * l,„ — »■ i(-‘rmp»n a. 

in L^{Hr) since (3.1) implies lim P^\\E{t)PHf%,HR = 0. With the aid of (3.1) 

t—^OO ’ 

again we see that 

||V^n;2(A)|l,,H« 

< j^\\V^E{l/\X\)PHf\U,Hn + ^ rE{t)PHf] \U,HRdt 

for / G L^^j(iJ). Collecting the estimates above leads us to (3.4). We next show 

(3.5) . Since \e~^^ ~ 1| ^ 2^“^|A|^t^ for Re A > 0 and 6 G (0, 1], we have 

POO 

||V^(n(A) - w)\\,^Hr < 2'-'|A|« / E{t)PHf\U,HRdt, 

Jo 

for j = 0, 1, 2. From (3.1) together with a suitable choice of 6 (for instance, 0 < 1/2 
for n = 3), we conclude (3.5). □ 

Remark 3.1. When n = 2, one can show |A|^||?;|| 2 ,g,ii-^ < (with (3 = e) 

which corresponds to (3.4) with m = 0. However, this will not help us since our 
key formula (5.3) is not valid for m = 0. 

Remark 3.2. The Green tensor associated with the Stokes semigroup E(t) for 
the half space (as well as the projection Ph) was explicitly given by Solonnikov 
[61], Maremonti and Solonnikov [50, section 2]. In view of the simple relation 
= F(n/2)/2(n — 2)7 t’^/^|x|’^“^ for n > 3, the function w in 

(3.5) is the solution written by the Green tensor for the stationary Stokes problem 
in if and, thereby, we know the class of w (for the latter Green tensor, see for 
instance [28]). 
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Finally, we derive further information on the regularity of the resolvent along 
the imaginary axis. 

Lemma 3.4. Let n>3, !<^<oo,d>l and R> 1. Set 

^ + ^h)~^Ph {s e R \ {0}, k = morm-l), 

where i = Then, for any small e > 0, there is a constant C = C{n, q, d, R, e) 
> 0 such that 

+ h)f - ^P{s)fh,,,Hn < C\h\\s\-f^-^f\U,H, (3.7) 

+ h)f - < C\h\\s\-^\\f\U,H, (3.8) 

for h e R, |s| > 2\h\ and f G where m and j3 = /3{e) are the same as in 

Lemma 3.3. 



Proof Estimate (3.8) is a direct consequence of (3.4). In fact, we see that 

, ps-\-h 






ns-\-n 

/ \\^^H\^)fh,q,HudT 

J s 



< C\\f\\q,H 



I 



i-\-h 



I ^di 



which together with the relation |s + h| > |s| - \h\ > \s\/2 implies (3.8). We next 
show (3.7). By (3.6) with Re A = 0 in L^{Hji) we have 



f /‘i/kl foo ] 
[Jo Jl/\s\} 



- l)t^E(t)PHfdt = {-i)"^(wi +W2). 

For the convenience we introduce the function 

Fk(t) = d!^[t”^E(t)PHf], k> 0 . 

We then deduce from (3.1) 

\m)hq,H. < (3.9) 

for t > 0 and / G L^^^{H). Taking “ 1| ^ account, we see from (3.9) 

rl/ld 



that 



r-L/lsi 

||^<^l||2,9,H„ < \h\ / t\\Fo(t)\\2,q,HRdt 

Jo 

P/\s\ 



<C\h\\\f\\q,Hj^ 






\q,H, 



for / G L^^j(i?). By integration by parts we split W 2 — W 21 + W 22 + W 23 , where 



ih 



W 21 



s{s + h) 



1 



i{s-[-h)/\s\jp^ j j _ _^-is/\s\^^-ih/\s\ _ 
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s{s + h) 



W23 = _ / e-***(e-*'*‘ - l)Fi(t)dt. 

s Jl/\s\ 



Since l/|s(s + h)\ < 2/|sp for |s| > 2|h|, it follows from (3.9) that 
lk2l||2,,,H« <3ih||s|-2||Fo(l/H)||2,,,H„ 

< C|h||s|- 2 -™W 2 -e(l + |^|)-„/ 2 +l+e||^||^_^ 

and that 



liw'22||2,q,irR < 2|h||s| ^ / 11^1(^)112, 

,00 

< c\h\\s\-^f\\g,H / 

Jl/\s\ 

<C\h\\s\- 0 -^f\\,^H, 

for / G We perform integration by parts once more to obtain W 23 = 

'^231 + ^232 + W 233 with 



^^^231 = 



s‘^{s + h) 



^-i{s-\-h)/\s\ 



1 \ 1 









^232 = 2 / ^ "^'^'"'^^F2{t)dt, 

+ /l) 7 l/|.| 



«^233 = — / e-**‘(e-*'*‘ - l)F2{t)dt. 

S Jl/\s\ 

By the same way as in W 21 + W 22 we find 

\\W23I + '^232\\2,q,HR 

, Hr + / ||-f 2 (t)|| 2 ,g,i/R<it 

[ Jl/\s\ 

< C|h||s|-^-i||/||,,H, 

for / G L^JH). Finally, we use (3.9) again to get 



||W233||2.q,HR < |h||s| ^ / i||F2(t)||2,q,HRC/t 

Jl/\s\ 



rOO 

< c\h\\s\-^f\\g^H / ri+— "/2+^dt 

Jl/\s\ 



<C\h\\s\-^-^f\\,,H, 

for / G We gather all the estimates above to conclude (3.7). 
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Remark 3.3. Estimate (3.7) together with (3.4) implies 

/ oo 

-OO 

forheR and / G (see Lemma 4.4 and its proof), which is related to 

the assumption of Lemma 5.2. In Lemma 4.4 we will deduce the same regularity 
of d'^{is + A)~^Pf for an aperture domain Q as above when / G L^{Q) has 
a bounded support. For the Oseen resolvent system in the 3-dimensional whole 
space, Kobayashi and Shibata [40, Lemma 3.6] showed a sharper estimate; indeed, 
\h\^~^ can be replaced by Their method is different from ours. 



4. The Stokes resolvent 



In this section, based on the results for the half spaee obtained in the previous 
section, we address ourselves to analogous regularity estimates near A = 0 of the 
Stokes resolvent u= {X + A)~^Pf, which together with the associated pressure p 
satisfies the system 

Xu — Au -h Vp = /, V • = 0, 

in an aperture domain Q, subject to u\do, = 0 and (j){u) = 0, where / G L^(fi), 1 < 
q < oo and X e C \ (-oo,0j. To this end, as in [38], [40] and [1], we start with the 
construction of the resolvent near A = 0 for / G L^(f2) with bounded support. We 
fix a smooth bounded subdomain D so that f^Ko+3 <Z D G Given / G L^(H), 
we set vq = A~\,Pq^of and take a pressure tto associated to Vq] they solve the 
Stokes system 

-Avo + Vtto = f, V • ^’o = 0, 

in D subject to vo\dD = 0, where / is understood as the restriction of / on D. We 
further set 

t;±(x,A) = {X + Aq^H±)~^Pq,H±bP±,Rof]^ 

where 'ip±^Rq are the cut-off functions given by (2.1). One needs also the case A = 0 

poo 

V±{x,0)= / E±{t)Pq^H±[^±,Rof]dt^ 

Jo 

which is the solution written by the Green tensor for the Stokes problem in H± 
(see Remark 3.2). We take the pressures 7 t± in H± associated to v± so that 



L 



X) - 7To{x)}dx = 0, 



D±,Rq + i 



(4.1) 



for each A. In this section, for simplicity, we use the abbreviations 'ip± for the cut- 
off functions '0 ±,Ho+i given by (2.1) and S± for the Bogovskh operators S±^Rq-^i 
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introduced in section 2. With use of {u±,7r±}, {uo,7ro} and ip± together with S±, 
we set 

' r; =T{\)f 

= V’+u+ + V’-w- + (i-V'+-^-)wo 

-S+[iv+ - Vo) • VV>+] - 5_[(r;_ - vo) ■ V^_], 

7T = V’+7T+ + V’-TT- + (1 - '0+ - lA-)7ro. 

We here note that ^ {v± - uq) • V'ip±dx — 0 since V • u± = V • uq = 0. An 

elementary calculation shows that the pair {u, tt} satisfies 

Au - Au + Vtt = / + Q(A)/, V • u = 0, (4.3) 

in f] subject to = 0 and 

0(u) = N • voda = / V • vodx = 0, 

J M J Q_j_nZ) 

where 

Q(A)/ = Qi(A)/ + Q2(A)/ (4.4) 

with 

Qi{\)f = A(1 - V’H- - i^-)vo - 2VV»+ • V(r;+ - vo) - 2VV'- • V(w_ - uq) 

-(AV’+)(f+ - Vo) - (Ai/j-)(v- - Vo) 

+(VV’+)(7r+ - TTo) + (Vv!)_)(7r_ - tto) 

-A5+[(u+ - Vo) • V^+] - AS-[(v- - Vo) ■ VV’_], 

and 

Q 2 (A)/ = AS+[(v+ - vo) • V^+] + A5_[(^_ - Vo) • VV^_]. 

By (2.2) we have 5±[(u± - uq) • G W'o’^(£^±,i?o+i)- But one can obtain 

the regularity of this term only up to (while the W^g’^-regularity of the 

corresponding term is available for the exterior problem). This is the reason why 
the remaining term Q{\) has been divided into two parts. 

We first derive the regularity estimates near A = 0 of T(A) and Q{X). 

Lemma 4.1. Let n > 3, 1 < g < oo, d > i?o dnd R> Ro. For any small e > 0 there 
are constants Ci = Ci{fl,n,q,d,R,e) > 0 and C 2 = C 2 {^,n,q,d,e) > 0 such that 

m—l 

\\f\\dTT{\)fh,,,n. + \\d^xT{X)fh,,n, < Ci||/||„ (4.5) 

k =0 

for Re \ >0 {X^O) and f G L^^j(Jl); and 

m—l 

lAI^II W(A)/|i, + 5] ||5 a'Q(A)/||, < (4.6) 

fc=0 

for Re X > 0 with 0 < |A| < 2 and f G where m and (3 = /3{e) are the 

same as in Lemma 3.3. 
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Proof. In view of (4.2), we deduce (4.5) immediately from (3.4) together with 
(2.2). One can show (4.6) likewise, but it remains to estimate the pressures 7t± 
contained in (4.4). By (4.1) we have 

f 9 x'it±{x, X)dx = 0, 1 < fc < m. (4.7) 

On the other hand, from the Stokes resolvent system we obtain 

XdxV± + kdx~^v± — AdxV± + V9^7t± = 0, 1 < /c < m, 

in H±. This combined with (4.7) gives 
||(V^±)5^7r±(A)||, 

for 1 < fc < m. Similarly, for fc = 0, we use (4.1) to get 

||(VV'±)(7t±(A) -7ro)||, 

< C||V(7r±(A)-7ro)||_i.,,z>i 

< C||Vt;±(A)||,,H±,„„+.+C|A|||t;±(A)|| 

<7,^±,Ro + 2 4" c\\f\U- 

It thus follows from (3.4) that 

m— 1 

|A|^||(VV;±)ar7r±(A)||, + 5] ||(VV^±)a,^(7r±(A) - 7 To)||, < C||/||,, 

k=0 

for Re A > 0 with 0 < |A| <2 and / € I/^^j(f2). This completes the proof. □ 

Remark 4.1. In the proof above, we have made use of the inequality (see Galdi 
[28, Chapter III]) 

\\g - g\\q,G < C|| Vg||-l,q,G with 5 = 1 ^^ g{x)dx, 

for g G L^{G)^1 < q < cxd, where G is a bounded domain for which the re- 
sult of Bogovskh [2] introduced in section 2 holds (for instance, G has a locally 
Lipschitz boundary), although the usual Poincare inequality leads us to Lemma 
4.1 because we have (3.4) in Since the inequality above will be of- 

ten used later, we give a brief proof for completeness. For each ip G 
we put Ip = J^(f{x)dx. Then the result of Bogovskh ensures the existence of 

w G so that 

V-w = (p-lp, II Vu;||q/(g_i),G < C\\(p - ^\\q/(q-l),G < G||v?||g/(^_1),G. 
Therefore, 

l(^-^,^)l = = l(^,V*u;)| - |(-V^,u;)| 

< C'||V5f||_l,g,G||^||g/(q-l),G5 

for all ip G L^/^^~^^(G), which implies the desired inequality. 
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Let us consider the case A = 0 and simply write v± — r^±(x,0). Since 
||(t;±-t;o)-VV^±||2,,<C||/||„ 

the operator [/ (?;± - -i;o) * V^±] : L^{Q) Wq{D±^r^^i) is compact, which 

combined with (2.2) implies that so is the operator Q2(0) : 
where d> Rq 2. The other part Qi{0)f fulfills 

||Qi(0)/||i,,<C||/||„ 

from which the compactness of Qi(0) • follows; as a consequence, 

(5(0) = Qi{0) -h (32(0) is a compact operator from L^^j(f^), d > Rq 2, into 
itself. We will show that 1 + (3(0) is injective in L^^j(fi). Let / G L^^j(f^) satisfy 
(1 + (3(0))/ = 0. In view of (4.3), the pair {t',7r} given by (4.2) for such / should 
obey 

—Av + Vtt = 0, V • t? = 0, 

in Q subject to v\dQ = 0 and (f){v) = 0. Since / G LJ'^](f^) for 1 < r < min{n, g}, 
we have 

v^v,WTteu{n), vu 6 v,TT e Li^iny, 

especially, the summability of Vi; at infinity is implied by the boundedness of the 
support of /. It thus follows from Theorem 1.4 (i) of Farwig [18] that v = Vtt = 
0 ; here, it should be remarked that the uniqueness holds without any radiation 
condition (unlike the exterior problem discussed in [38] and [40]). We go back to 
(4.2) to see that v± = V7 t± = f = 0 in H± \ S/^0+2 and that '^0 = Vttq = / = 0 
in Set U± = {Du Br^) fl H±. Both {'?^±,7r±} and {i'o,7To} then belong to 

W‘^^^{U±) X W^^^{U±) and are the solutions of the Stokes system in U± with zero 
boundary condition for the external force /. They thus coincide with each other 
and, in view of (4.2) again, we have vq = Vttq = / = 0 in D; after all, / = 0 in 0. 
Owing to the Fredholm theorem, 1 + (3(0) hats a bounded inverse (1 -h (3(0))“^ on 

Set = {A G C; Re A > 0,0 < |A| < 77} for ry > 0. By (4.1) we have 
Id± r ,^^{^±(^5 A) — 7T±{x,0)}dx = 0, which together with the Stokes system in 
H± yields 

||(V^±)(7 t±(A) - 7r±(0))||, 

< C7||V(7r±(A)-7r±(0))||-i,,,z.^,,„^, 

< C'||V(«±(A) - + C|A||b±(A)||,,H,,«,,,. 

Therefore, we get 

IIQ(A)/-Q(0)/||, 

< C'||v+(A) +C'lk-(A) 

+C|A|{|K(A)||q,H,.«,,. + ||v_(A)||q,H 

-,^0 + 2 + II « o ||,, d }. 

Prom (3.5) we thus obtain 

IIQ(A) - Q(0)||B(L^^i(n)) 0) 
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as A 0 with Re A > 0, which implies the existence of a constant rj > 0 such that 
1 + Q(A) has also a bounded inverse (in terms of the Neumann series) on 
with uniform bounds 

11(1 + Q(A)) (4-8) 

for A G Sr; U {0}. Since the resolvent is uniquely determined, one can represent it 
for A G Sr; and / G d > J?o + 2, as 

(A + A)-^Pf = T(A)(1 + Q(A))- V- (4.9) 

We are in a position to show an analogous result for the resolvent to (3.4). 

Lemma 4.2. Let n > 3, 1 < g < oo, d > i?o ^ ^o* Given f G L^^j(fi), set 

u{\) = {X-\-A)~^Pf. For any small g: > 0 there is a constant C = C{Q, n, g, d, i?, e) 
> 0 such that 

m—l 

|A|^||Ct^(A)||2,,,a« + E l|5A"^^(A)||2,<,,aH < C||/||„ (4.10) 

k=0 

for Re \ > 0 (A / 0) and f G L^^j(fl), where m and 13 = /3(e) are the same as in 
Lemma 3.3. 

Proof. The problem is only near A = 0 because we have (2.3) for G = fl. We may 
also assume d > Rq 3- 2 since (fi) C (fl) for such d. It thus suffices to 
show (4.10) for A G Sr; by use of (4.9). For such A and 0 < fc < m we see that 
d^{l -hQ(A))"^ G 5(L^^|(0)); furthermore, 

m—l 

|A|^||ar(l + Q(A))- VII, + E + Q(A))- VII, < Cll/ll,, (4.11) 

k=0 

for / G L^^|(Q). In fact, we have the representation 

aVl + Q(A))-V .412) 

= -(l + Q(A))-'MA)](l + Q(A))-V + iVA)(l + Q(A))-V, ^ 

for fc > 1 and / G L^^j(fl), where Li{\) = 0 and Lk{\) with k>2 consists of finite 

sums of finite products of (1+Q(A))“^, 9aQ(A), • • • , d^~^Q{\). Consequently, (4.6) 
together with (4.8) implies (4.11). In view of 

= S ( • ) ^a“^2^(A) ^a(1 + Q(A))- V, 

3=0 X ^ / 

we conclude (4.10) from (4.5) and (4.11). □ 

In the last part of this section we will complete the regularity estimate of the 
resolvent. To this end, we employ Lemma 3.4 to show the following lemma. 
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Lemma 4.3. Let n > 3, 1 < g < oo, d > R > Rq. Set 

T^>=){s) = d^T{is), Q^^\s) = d^Q(is) (s € R\{0}, 0<k<m). 

For any small e > 0 there is a constant C = C{Q, n, q, d, R,e) > 0 such that 
||TW(s + h)f - + ||Q('')(s + h)f - Q('=)(s)/||, 

f C'|/»lkr^“i/llq ifk = m, 

<l Ci/iijsj-^||/||q ifk = m-l, (4.13) 

[ C'|h|||/||g ifn>5, 0 < fc < m - 2, 

for 2\h\ < 1^1 < 1 and f G where m and (3 = !3[e) are the same as in 

Lemma 3.3. Concerning the first term of the left-hand side, (4.13) holds true for 
h e R and jsj > 2|h|. 

Proof Set 

v^\s) = dgV±{is), 7 t±\s) = dg7T±{is) {s e R \ {0}, k = m or m- 1). 

It then follows from (4.2) together with (2.2) that 
||r(™)(s + /i)/-T(-)(s)/||2.,,Q, 

< C\\v^_;^\s + h)-v^:^\s)h,,,H,,.+C\\v^^\s + h^ 

In order to estimate Q^"^\ let us investigate the pressures Similarly to the 
proof of Lemma 4.1 with the aid of (4.7), one can show 

||(VV'±){7t£'"^(s + h)~ 7ri™^(s)}||9 

< C||V7ri"^>(s + h) - 

< C||v4™^(s + h)- Vnf 

+C||(s + h)v^^\s + h)- sw±"^(s)llq,H±,flo +2 
+Cm||ni™“^^(s + h)~ v±"“^^(s)||,.h±,b„+ 2- 
This combined with estimates on the other terms by use of (2.2) yields 

||C?(™)(s + /i)/_qM(s)/||^ 

< C'||n^"'^(s + h)- 

+C'||ni™'(s + h)- ni™^(s)||i,q,H_,fi„+2 

+C'|s|||ni”^(s + h)~ 

+C\h\\\v^^\s + h)||,, + C\h\\\v^r\s + h)||,.H_,«„,2 
+Cm||4™ ^\s + h)-v^^ ^Hs)ll9,i/+,«o+2 
+Cm\\v^^^^\s + h)~ 

Hence (3.7), (3.8) and (3.4) imply (4.13) for the case k — m. For 0 < A: < m — 1 
we have 

/ s-\-h 
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WQ(’^\s + h)f-Q^>^\s)f\U< 



/ s-{-h 

||Q(''+i)(r)/||,dr 



which together with (4.5) and (4.6) respectively lead us to (4.13). The proof is 
thus complete. □ 



The regularity of the resolvent along the imaginary axis given by the following 
lemma plays a crucial role in the next section. 



Lemma 4.4. Let n > 3^1 < q < oo^d > Rq and R> Rq. Set 

^("^\s) = dT{is + A)-^P (seB\{0}). 

For any small e > 0 there is a constant C = C{Cl,n,q,d, R,e) > 0 such that 

/ OO 

||$(m)(, + < C\h\^-^\\f\\„ (4.14) 

-OO 

for \h\ < ho = min{7j/4, 1/2} and f G Here, m and l3 = /3(e) are the same 

as in Lemma 3.3, and r)> 0 is the constant such that (4.9) is valid for A G E,,. 



Proof We may assume d > Rq + 2 {as in the proof of Lemma 4.2). Given h 
satisfying \h\ < ho, we divide the integral into three parts 




W^^'^\s + h)f 



^^^Hs)fh,,,a,ds 



= / 

J\s\<2\h\ J2\h\<\s\<2ho J\s\>2ho 

With the aid of (4.10), we find 



/ 

J\s\ 



= II I 2 Is’ 



h<2 



[ \\^^^\s)fh,,,n.ds<C\h\^-^W 

J |sl<3|/i| 



for / G L^^|(ri). In order to estimate I 2 , we use the representation 



j=o 



m 

j 






where 



V^^\s) = af'(l + Q(fs))-1 G B{Ll^{n)) (0 < |s| < 77 , 0 < j < m). 



= S f 7 ) + h)f 



j=0 



my X 

+Y1 ( + h)- V^A(^s)]f. 

j=o V -3 / 



Then 
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We first show 

||0^)(s + /i)/-FW(s)/||, 
r C\h\\s\-^-^f\\, if j = m, 

< CMsr^WfW^ ifi = m-l, (4.15) 

[ C'l/^lil/ll? if n > 5, 0 < j < m - 2, 

for 2\h\ < |s| < 2ho and / e Similarly to the proof of (4.13) for 0 < A: < 

m - 1, (4.11) implies (4.15) for 0 < j < m - 1. As in (4.12), we have 

l/(-)(s) = -yW(s)Q(-)(s)0o)(s) + W^„^(s)T/W(s), 

where IFi(s) = 0 and, for m > 2, Wm{s) = f™L„(is) consists of finite sums of 
finite products of V^°(s), g(^)(s), • • ■ , Q(™-i)(s). Therefore, we collect (4.6), (4.8), 
(4.13) and (4.15) for j = 0 to arrive at (4.15) for j = m. It thus follows from (4.5), 
(4.11), (4.13) and (4.15) that 

||$M(5 + h)f - $(™)(s)/ll2,,,nH < C\h\\s\-^-^f\\„ 
for 2|fi| < |s| < 2 ho and / e L®^j(n). As a consequence, we are led to 

/ 2 <CHII/||, [ \s\-^-^ds<c\h\^-^\\f\\„ 

J\s\>2\h\ 

for / e A[rf](f^)- Finally, to estimate I 3 , one does not need any localization. In fact, 
since 

ps-\-h 

$(™)(s + h)f - $(™)(s)/ = {-ir+\m + 1)! / {ir + Pfdr, 

J S 

(2.3) gives 

|($M(s + h)f - $(-)(s)/|| 2 ,,,i,„ < C||$(-)(s + h)f - $(-)(s)/|b(^^) 

<C|h||sr(-+i)||/||„ 

for |s| > 2/io (> 2|h|) and / G Therefore, we obtain 

/3 < qh|||/||, / ll/ll,, 

•f|s|>2^o 

for / e L«(I2). Collecting the estimates above on I 1 J 2 and h, we conclude (4.14). 

□ 



5. L'^-V estimates of the Stokes semigroup 

In this section we will prove Theorem 2.1. As explained in Section 1, the first step 
is to derive (1.6) for non-solenoidal data with bounded support. 

Lemma 5.1. Let n > 3, 1 < g < 00 , d> Rq and R> Rq. For any small e > 0 there 
is a constant C = C{Cl,n,q,d,R,e) > 0 such that 

l|e-‘^P/||i,,.n„ < C'rl/2(l + i)-/2+l/2+e||^|,^^ 

for t > 0 and f G 



(5.1) 
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For the proof, the following lemma due to Shibata is crucial since we know 
the regularity of the Stokes resolvent given by Lemmas 4.2 and 4.4. 



Lemma 5.2. Let X be a Banach space with norm || • || and g G L^{R] X). If there 
are constants 0 G (0, 1) and M > 0 such that 



/ OO noo 

|| 5 (s)||ds + supr^ / ||(?(s + /i) - 5 (s)||ds < M, 

•OO hM l«l J-oo 



hjtO 1^1 

then the Fourier inverse image 



1 . 
G{t) = - y 



of g enjoys 



||G(^)|l<CM(l + |^|)-^ 



with some C > 0 independent ofteR. 



Remark 5.1. The assumption of Lemma 5.2 is equivalent to 
ge{L^{R-,X), 

where (*, -)6i,oo denotes the real interpolation functor (the space to which g belongs 
is known as a Besov space). 



Proof of Lemma 5.2. Although this lemma was already proved by Shibata [56], we 
give our different proof which seems to be simpler. Since \\G{t) || < M/27t, it suffices 
to consider the case \t\ > 1. It is easily seen that if ht ^ 2j7T {j = 0, ±1, ±2, . . .), 
then 

Aht roo 

= 27t(1 - 

from which the assumption leads us to 



\\G{t)\\ < 



M\h\^ 
27r|l — e®'** 



Taking h = l/t immediately implies the desired estimate. 



□ 



Proof of Lemma 5.1. Since 

||e-‘^P/||i,, < G\\e~^^Pft^lj\e-^^Pf\\lG < Ct-G^\\f\\„ (5.2) 

for 0 < t < 1 and / G we will concentrate ourselves on the proof of (5.1) for 

t > 1, namely (1.6). Given R > i?o? we set = 1 - where the cut-off 

functions are given by (2.1). One can justify the following representation 

formula of the semigroup for / G L^^j(fi): 

•m roo 

= (5.3) 

where = d'^ {is + A) and m is the same as in Lemma 3.3. In fact, 

starting from the standard Dunford integral representation, we perform m-times 
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integrations by parts and then move the path of integration to the imaginary axis 
but avoid the origin A = 0, so that 

jm ( r-S 

for any 5 > 0, where F^ = {(5e^^;-7r/2 < 0 < tt/ 2} (this formula is valid for 
/ G without '0). Owing to (4.10), the last integral vanishes in L^{Q) as 

5 ^ 0 for / G L^^j(fJ); thus, we arrive at (5.3). Now, it follows from (4.10) and 

together with (2.3) that 

r <C [ + C [ r]^ds < C\\f\U. 

J-oo *^|s|<l 1^1 J\s\>l PI ' 

Further, (4.14) and the estimate above respectively imply that 

o<\h\<ho m ^ J-oo 
and that 

sup + h)f - V<$(-)(s)/|k,ds 

\h\>ho W ^ J-OO 
2 

/ m^^\s)f\u,,ds<c\\fw,. 

IIq J-oo 

Hence, we can apply Lemma 5.2 with X = kF^’^(Jl) and g{s) = 0$(^^(s)/ to the 
formula (5.3); as a consequence, we obtain 

l|e-‘^P/||i,,,a« < Ue-^^Pfh,, < Ct— (1 + t)-i+^||/||„ 

for t > 0, which implies (5.1) for t > 1 and / G L^^j(f)). This completes the 
proof. □ 

Remark 5.2. It is possible to show the decay rate of the semigroup in 

FF^’^(f2i^) as well. This follows immediately from the proof given above with X = 
IF^’^(f]) for n > 5. When n = 3 or 4 (thus m = 1), as in Kobayashi and Shibata 
[40], we have to introduce a cut-off function p G (7^(i?; [0, 1]) with p{s) = 1 
near s = 0; then one can employ Lemma 5.2 with X = kF^’^(fi) and g{s) = 
p(s)0$(^)(s)/ to obtain the desired result since a rapid decay of the remaining 
integral far from s = 0 is derived via integration by parts. We did not follow this 
procedure because Lemma 5.1 is sufficient for the proof of Theorem 2.1. 

The next step is to deduce the sharp local energy decay estimate (1.5) from 
Lemma 5.1. 
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Lemma 5.3. Let n>3, l<g<oo and R > Rq. Then there is a constant C = 
C(yt^n,q,R) > 0 such that 

||e-‘^/||i.,,Q«<a-"/2«||/||„ (5.4) 

for t>2 and f G and 

||e-‘^/||i,,,n„ + \\dte-^^fhn, < C{1 + (5.5) 

for t >0 and f G D{Aq). 

Proof We employ a localization procedure which is similar to [38] and [40]. Given 
/ G we set g = e~^f G D{Aq) and intend to derive the decay estimate of 

u{t) = e~^^g = in for t > 1. We denote by p the pressure 

associated to u. We make use of the cut-off functions given by (2.1) and the 
Bogovskh operator introduced in section 2. Set 

9± = '0±,i?o+i 9 - S±^R^-^i[g • ^'ip±,Ro-\-i], 

and 

v±{t) = E±{t)g±, 

Note that r 9 ' '^'^±,Ro-\-idx = 0 and that g± G D{Aq^H±) with 

\\9±\\D{Aq,H^) ^ C\\g±\\2,q,H± < C\\g\\ 2 ,q < C\\g\\o{A^) < C\\f\\q, (5.6) 

by (2.2). We take the pressures 7 t± in H± associated to v± in such a way that 

/ n±{x,t)dx = 0, (5.7) 

for each t. In the course of the proof of this lemma, for simplicity, we abbreviate 
'^±,Ro '0± and S±^Rq to S±. We now define {u±,p±} by 

u±{t) = ^p±v±{t) - S±[v±{t) • V'ip±], p±{t) = ^|^±7^±{t). 

Then it follows from Lemma 3.2 together with (2.2) and (5.6) that 

lk±(i)lk,,n« < C|k±(t)||i,,.H,., < C(1 + (5.8) 

for t > 0, where L = max{i?, i?o + !}• Thus, in order to estimate u(t), let us 
consider 

v{t) = u{t) - u+{t) - u^{t), n{t) = p{t) - p+{t) - p-{t), 
which should obey 

dtv — Av + Vtt = V • -i; = 0, 
in subject to v\d^ = 0, (/>(u) = cf){u) = 0 and 

v\t=o — '^0 — 9 ~ 9-\- ~ 9— ^ ^ 

where 

K = 2V-0+ • + 2V'0_ • Vu_ + {A'ip^)v^ + {A'ip-)v- 

-A5+K • V^+] - AS-[v- • Vi;-] 

+5+[a*u+ . VV^+] + S-[dtV- • Vij-] - (Vi/;+)7r+ - (VV^_)7 t_; 
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we here note that V • K ^ 0 as well as K\dn ^ 0 and we can obtain the regularity 
of K only up to (in contrast to the exterior problem discussed in [38] and [40]). 
By (5.7) and in view of the Stokes system in H± we have 

||(VtA±)7r±(i)||, <C||V7T±(t)||_i,,,z>±,„„ 

,Rq + 1 + C\\dtV±{t)\\q^H± ,Rq+1^ 

which together with (2.2) implies K{t) € and 

||-fi'(i)ll9 ^ C\\v+{t)\\i^q^H+,Rg + i +C'||^'-(i)l|l,9,ff-,Ho + i 

Therefore, Lemma 3.2 and (5.6) yield 

\\K{t)\\q<C{l + t)--/^n, (5.9) 

for t > 0. In order to estimate 

v(t) = e~*^vo+ f e-^^-^'>^PK{T)dT, 

Jo 

we employ Lemma 5.1. By (5.1) with a suitable £ > 0 and (5.6) we find 
\\e-^^voh,q,nR < 

for t > 1. We next combine (5.1) with (5.9) to get 

f ||e-(‘-")^PK(r)||i,,,n«dr 
Jo ^ 

< C\\f\\q I {t - r)“^/^(l + 1 - r)“"/^+^/2+^(l + T)-^l'^^dT 

= C||/||,(/i+/ 2 ), 

where /i = and I 2 = \\i^- An elementary calculation gives 

( cr 1/2(1 + t/2)-”/2-«/2«+3/2+e if^>n/2 \ 

h < { Cr 1/2(1 + t/2)-”/2+i/2+® log(l + 1/2) if g = n/2 \ < Ct“”/29, 

[ Cri/2(l + t/2)-"/2+i/2+® ifg<n/2 J 

for t > 1 and 

nOO 

h<0+ 1/2)-"/2« / r-i/2(l + r)-”/2+i/2+'=dr < C(1 + t/2)-”/29, 

Jo 

for t > 0. We collect the estimates above to obtain 

lk(i)lli,.,a„<Cr"/2«ll/||„ (5.10) 

for t > 1. Prom (5.8) and (5.10) we deduce 

IKi)||l,q,afi = ||u(t) +u+(t) +U_(t)||l,q,a^ < Cr'^^'^^WfWq, 

for t > 1 and / G L^(f^), which proves (5.4). Let / e D{Aq). Then we easily 
observe 

+ Wdte-^^fKnR < C||e-i^/||z,(^,) < C||/l|o(^,), 
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for t > 0 and also we can estimate dte for large t] in fact, by virtue of (5.4) 
just proved we get 

\\dte-^^fhn, = \\e-^^Af\\,^n. < Ct--/^^Af\U, 
for t>2. This implies (5.5). □ 

We are interested in the estimate of Ve~^^ for large in particular, the 
estimate is quite important for us. 



Lemma 5.4. Let n> 3 and 1 < q < oo. Then there is a constant C = C{Q^ n,q) > 0 
such that 

||Ve-‘^/||, < cr ™"tV2,n/2g}||;||^^ (5.11) 

for t>2 and f G L|(fi). 



Proof. We fix R > Rq + 1. Since we have already known the decay rate t of 
by Lemma 5.3, it suffices to derive the estimate outside Qr, that 
is, 

< cr “-^V2,n/2,}||y||^^ (5.12) 

for t > 2 and / G L^{Q). In an analogous way to [38], [40] and [1], we make use of 
the decay properties of the semigroup E±{t) for the half space. Given / G L^(fl), 
we set g = e~^f G D{Aq) and then u{t) = e~^^g = We choose two 

pressures p± in fi associated to u in such a way that 



L 



D±,r-i 



p±{x,t)dx = 0, 



(5.13) 



for each t (p_^ and p_ will be used independently). With use of the cut-off func- 
tions given by (2.1) and the Bogovskii operator introduced in section 2, we define 
{t;±,7r±} by 



v±{t) = - S±[u{t) ■ VV’i], n±{t) = ')p±p±{t). 



Here and in what follows, we use the abbreviations for and S± for 

S±^R-i- Since v± = u for x ^ \ Q>r = H± \ Br^ we will show 

(5.14) 

for ^ > 1, which combined with ||^||D(Aq) ^ C'||/||g implies (5.12) for t > 2. It is 
easily observed that {t’±?'7r±} satisfies 



dtv± - Av± -h V7T± = V • = 0, 



in H± subject to v±\dH± = 0 and 

^'±|^=o = a±= ip±g -S±[g- Vtp±], 

where 

Z± = — 2V'0± • Vu — {Axl^±)u + AS±[u • V'i{j±] 
-S±{dtu • V^±] + {V'ip±)p±. 
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Our task is now to estimate the gradient of 



v±{t) = E±{t)a± + f E±{t- T)PH±Z±{T)dT. 

Jo 

By virtue of (5.13) we have 

\m±)p±{t)h,H^ < C||Vp±(t)l|-i.q,D±,«_x 

<qiVu(t)||,,a„ + C||aMt)|l,,n«, 

from which together with (2.2) it follows that 

||■^±(^)llq,^^± < C'lk(i)l|l,9,S2ij + C'll^tW(i)||q,nR- 



(5.15) 



Hence, (5.5) implies 

\\PH^Z±mr,H^ < C\\Z±{t%,H^ < C{l + t)--/^^9\\DiA,), (5-16) 

for f > 0 and r G (1,^] since Z±{t) G L^^j(i7±) C T[^](iF±) for such r. In view of 
(5.15), we deduce from (1.4) for Q = H± together with (5.16) 

< Cr^/2||a±|lq,//± 

+C\\9\\DiA,) fit - r)-'/"(l + 1 - r)-(”/^-"/^)/2(l + r)-"/2^dr 

< Ct-^/^9\U + C\\9\WA,){h+h), 

for r e (1,^], where I\ = and I 2 = 4- We take r so that 1 < r < 
mm{n/2,q}. Then we see that 

( Cr 1/2(1 + t/2)-"/2'-+i ifg>n/2 ] 

/i < ■{ Ct-1/2(1 + t/ 2 )-"/ 2 ’-+i ^/ 2 ) if 9 = n/2 4 Ct“i/2, 

[ Ct-i/^^ V2)“^”/’’“"/'i^/^ if9<n/2 j 

for t > 0 and that 

/ C(l + t/2)-^/2^ ifg>n, 

\ C(l + t/2)-i/2 if q<n, 

for t > 0. Collecting the estimates above concludes (5.14). This completes the 
proof. n 



The following lemma is concerned with the estimate of the semigroup 
(the restriction q > n will be removed later). 

Lemma 5.5. Let 3 < n < q < 00 . There is a constant C = C(f2, n, g) > 0 such that 

||e-‘^/||oo<C'r"/2‘'||/||„ (5.17) 



for t > 0 and f G L^{Q.). 
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Proof. For fixed R> Rq-\-1, estimate (5.4) together with the Sobolev embedding 
property implies 

for ^ > 2 and / G L^{^) on account of n < < oo. Along the lines of the proof of 

Lemma 5.4, one can show 

lie-*^/||oo,Q±\n. < Cr-Z^^II/ll,, (5.18) 

for ^ > 2. In fact, given / G we take the same {u^p±} and {r ’±5 7r±}, and 

apply the L^-L^ estimate (1.3) for = H± to (5.15). Then, taking (5.16) into 
account, we get 

\\v±{t)\\oo,H± 

< C'r"/29||a±||,,^f^ 

+C\\9\\d(a,) fit - + t - + r)-”/2«dr, 

JO 

for r G (1,^]; we now choose r G (l,n/2) to find 

for t > 1, which proves (5.18) for t > 2. We thus obtain (5.17) for t > 2. For 

0 < t < 2, we recall (5.2) to see 

The proof is complete. □ 

We are now in a position to prove Theorem 2.1. Abels [1] showed (1.3) for 

1 < q < r < oo] when we use this result, the first step of the following proof will 
become shorter. However, in order to make the present paper self-contained, we 
do not rely on any result of [1]. We emphasize that our proof is based on (5.11) 
and (5.17), in other words, the other estimates follow from them. 

Proof of Theorem 2.1. The proof is divided into four steps. 

Step 1. First of all, we observe (1.4) for ^ = r G (1, n]. Indeed, it follows from (5.2) 
for 0 < t < 2 and (5.11) for ^ > 2 that 

||Ve-*^/||, < a-i/2||/||„ (5.19) 

for ^ > 0 and / G L^(fi) provided 1 < g < n. In this step we accomplish the proof 
of (1.3) for 1 < g < r < 00 (^ ^ oo) and (1.4) for 1 < ^ < r < n. We begin 
with the removal of the restriction q > n in Lemma 5.5. In view of (5.19) and the 
Sobolev embedding property we have 

||e-‘^/||. < (5.20) 

for 1 > 0 and / € L'^i'^) when 1 < q' < n and 1/r = 1/q - 1/n. Let n/{k + 
1) < q < n/k with k = 1,2, ,n - 1. We put {qj}j^o in such a way that 
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= l/qj - 1/n (j = 0, 1, • • • , fc - 1) with q^ = q. Since n < < oo, we make 

use of (5.17) with q = qk and (5.20) to obtain 

for t > 0, which proves (5.17) except for q = n, n/2, • • • , n/(n — 1). But the excep- 
tional cases can be also deduced via interpolation. Thus the L^-L^ estimate (5.17) 
has been established for all q € (l,oo). This together with the boundedness 
(namely, (1.3) for q = r) immediately gives (1.3) for 1 < g < r < oo, from which 
combined with (5.19) we further obtain (1.4) for 1 < g < r < n. 

Step 2. In this step we prove (1.4) for 1 < ^ < n < r < (X), making use of (1.8) 
due to [22]. Given r G (n, oo), we take s G {nj2^n) so that 1/s = 1/r + l/n. When 
1 < q < an embedding relation given by Lemma 3.1 of [22] together with (1.8) 
implies 

||Ve-‘"'/||, < C||V2e-‘^/i|, < C\\Ae-*^f\U < 

for t > 0, from which together with (1.3) we obtain (1.4). If s < g < n, which 
implies r < Q* with 1/q^ = 1/q - lln, then by the same reasoning as above 

for t > 0, where 1/r = (1 -0)/q^ +0/q = l/q- (1 -6) In. Therefore, (5.19) yields 
(1.4). 

Step 3. Let / G L^(fi) fl L^(0) for some s G (l,oo). This step is devoted to the 
case ^ = 1, namely L^-U estimate. Let 1 < r < oo. We apply a simple duality 
argument; in fact, the L^-L^ estimate implies 

l(e-‘^/,p)| = |(/,e-*^)| < ||/||i||e-‘M|oo < C'r("-"/^)/2||/|M|5||./(._i), 

for g G which gives (1.3) for g = 1 < r < oo. Combining this with 

(5.17) and (1.4), respectively, we obtain (1.3) for ^ = 1 < r = oo and (1.4) for 
= 1 < r < oo. 

Step 4. Once the L^-L^ estimates (1.3) and (1.4) are established, (2.4) and (2.5) 
can be proved by means of a standard approximation procedure. We show only 
the behavior as t oo (which is the main concern in the present paper). Let 
1 < ^ < 00 and / G L^(fi). For any e > 0 we take fs G such that 

ll/e ~ fWq < If then follows from (1.3) that 

for t > 0, which immediately yields 

lim ||e“*^/||q = 0, (5.21) 

t-^oo 

since e > 0 is arbitrary (one can give another proof by use of ker(Ag) = {0}). Let 
A" be a precompact set in L^(f^). For any rj > 0 there is a finite set C K so 
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that is a covering of K, where Brj{fj) denotes the open ball centered 

at fj with radius r/. Then we have 



sup ||e ‘^/|| 5 <C'? 7 + max ||e *^fj\\q 
feK 



Hence, from (5.21) we deduce 




(5.22) 



All the other decay properties as t ^ oo follow from (5.22) combined with (1.3) 
and (1.4). We have completed the proof. □ 



6. The Navier-Stokes flow 

In this section we apply the developed L^-L^ estimates of the semigroup to the 
Navier-Stokes initial value problem. In the proof of Theorems 2.2 and 2.3, we will 
not cite (1.3) and/or (1.4) if the application is obvious. We first prove Theorem 
2 . 2 . 

Proof of Theorem 2 . 2 . One can construct a unique global solution u(t) of the in- 
tegral equation 

u{t) = e~^^a — ( • Vu)(r)dr, t > 0, (6.1) 

Jo 

by means of a standard contraction mapping principle, in exactly the same way 
as in Kato [39], provided that ||a||n < where = ^ 0 (^ 5 ^) > 0 is a constant. 
The solution u{t) satisfies 

||u(t)l|r < for n < r < 00 , (6.2) 

||Vu(t)||„<a-i/2||o||„, (6.3) 

for t > 0 together with the singular behavior 

\\u{t)\\r = o ^^-V2+n/2r j fom < r < (X); \\Vu{t)\\n = o ^ (6-4) 

as t — > 0. Furthermore, due to the Hdlder estimate (6.9) below which is implied 
by (6.2) and (6.3), the solution u{t) becomes actually a strong one of (1.1) with 
(2.6) (see [26], [32] and [64]). We now prove 

lim \\u{t)\\n = 0, (6.5) 

t—*oo 

for still smaller a G To this end, we derive a certain decay property of 

u{t), which is weaker than (2.11) but sufficient for the proof of (6.5), assuming 
additionally a G L^{Q>) fl I/^(^]) with small ||a|ln- Given 7 G (0,1/2), we take 
q G (n/2,n) so that 7 = n/2^ — 1/2; then. 
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which together with (6.3) implies 

i'^lkWIln < C'llall, + C||a||„ sup r^||u(r)||„, 

0 <T<t 

for t > 0. Hence, for any 7 G (0,1/2) there are constants 5* = <J*(Q, n, 7 ) G (0, 5 q] 
and C = C{Q,n,j) > 0 such that if ||a||„ < 5*, then ||u(t)||„ < C't“'>'||a||, for 
t > 0 , which together with ( 6 . 2 ) yields 

||w(t)||n < C(1 + t) '’'(||a||i + ||a||„), (6.6) 

for t > 0 (this decay rate is not sharp and will be improved in Theorem 2.3). 
Prom now on we fix 7 e (0,1/2) and set S — < 5 *(f 2 ,n, 7 )/ 2 . Given a G T”(f2) 
with ||a||„ < 5 and any s G (0,5], we take G so that ||oe - a||„ < e. 

Since ||a£||„ < 5*, the corresponding global solution fulfills ( 6 . 6 ). We combine this 
fact with the continuous dependence; T”(fl) 3 u(0) ^ u G B(7([0, 00); i”(0)), 
where BC denotes the class of bounded continuous functions. As a consequence, 
the global solution u{t) with u( 0 ) = a satisfies ||u(t)||„ < Ce + ( 7(1 + f)“'>', which 
proves (6.5) (although the method above was mentioned in [39] and is well known, 
we gave the proof for completeness; see also Theorem 3 of Wiegner [ 66 ] for another 
proof). Combining (6.5) with ( 6 . 2 ) for r = 00 immediately leads us to (2.8) for 
n < r < 00. We next prove ( 2 . 8 ) for r = 00 and (2.9). As is standard, we rewrite 
the integral equation ( 6 . 1 ) in the form 

u(t) = e-(*/ 2 )^u(t/ 2 ) - /" Vu)(r)dr, t > 0 . ( 6 . 7 ) 

Jtl 2 

Then we obtain 

|Kt)||oo + ||Vn(<)||„ 

< Ct-^l^\\u{t/2)\U + C ( (t-r)-3/4|mr)l|2„|iVu(t)||„dr, 

Jt /2 

from which together with (6.3) we at once deduce 

^'^"(IKOIIoc + ||Vu(t)]|„) < Cl|u(t/2)|U + C||a||„ sup T^/^u{r)\\ 2 n, 

t/ 2 <r<t 

for t > 0. Obviously, (6.5) and (2.8) for r = 2n conclude both (2.8) for r = 00 and 
(2.9). These immediately yield 

||P(u • Vu)(t)||„ < C||n(t)|U||Vu(t)||„ = o(r 1), ( 6 . 8 ) 

as t — > oo, which will be used to show (2.10) below. Fix 0 G (0,1/2) arbitrarily. 
We then observe 

||u(t) - ■u(r)||oo + ||Vn(t) - Vn(r)||„ < C{t - r)^T~^/^“^||a||„ 



(6.9) 
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for 0 < r < t Given / G Ll{Q,), 1 < q < n, we have 

\\e-^Af _ + ||Ve-*^/ - Ve-"^/||„ 

< j' ^ ||yg-(s/2)A^g-(s/2)Ay||^j 

< C j s-”/2?||^e-("/2)^/||^(is 

< C(f-r)r-"/2^-i ll/ll,, 

which implies 

||e-*^/ - e-"^/l|oc + ||Ve-‘^/ - Ve-"^/||„ < G(f - r)V-"/2^-^||/||„ 
for 0 < r < ^, where 0 < 0 < 1. Using this estimate together with 

u{t) - u{t) = {e-^A _ g-rA)^ _ j* g-(t-3)Ap(^ . Vu)(s)ds 

- • Vw)(s)ds, 

Jo 

we obtain 

||u(f) - w(r)||oo + ||Va(f) - Vu(r)||„ 

< C{t - r)^-i/2-^||a||„ + C j\t - s)-"/2p-i/2llu(s)||p||Vn(s)||„ds 

+C f{t - Tf{T - s)-"/2’-l/2-e||y(5)||^||V„(5)||^rf5^ 

Jo 

where we have taken p, r G (n, oo) so that 0 < n/2r < n/2p = 1/2 — 9. Then (6.2) 
and (6.3) yield (6.9). Prom (6.7) and (6.9) one can deduce the representation 

Au{t) = Ae~^^l‘^'^^u{t/2) + - l]P{u • Vu){t) + Az{t), (6.10) 

in I/^(f^), where 

z{t)= f e-^^-^^^P{{u-Vu){t) - {u’Vu){r)}dT. 

Jtl2 

In fact, (6.9) implies 

\\Az{t)\\n <C f {t- r)-i+V-i/2-^||Vu(f)|U + IKr)|U)dr 

Jtl2 

< Ct~''-/^\\Wu{t)\\n + cr^ sup r^/^||w(r)||oo, 

tj2<T<t 

for ^ > 0. As a direct consequence of (2.8) for r = oo and (2.9), we see that 
||A2:(^)||n = as t 00 . In view of (6.10), we collect (6.5), (6.8) and the 

above decay property of Az{t) to obtain ||Au(f)||n = as ^ oo, which 

together with (6.8) again shows (2.10). The proof is complete. □ 
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Remark 6.1. Consider briefly the 3-dimensional stability problem mentioned in Re- 
mark 2.5. The problem is reduced to the global existence and asymptotic behavior 
of the solution to 

u{t) = e~^^a — ( • Vu + w • Vu + u • Vu;)(r)dr, t > 0, 

Jo 

where u; is a stationary solution of class Vw G 1 < r < 2, and a G 

is a given initial disturbance. Set 

E{t)= sup r^/^(||u(r)||oo + ||Vu(r)|| 3 ) + sup r^/^||u(r)||6, 

0<r<t 0<T<t 

and flx r G (1,3/2) arbitrarily. Then the integral equation yields the a priori 
estimate 

E{t) < C||a||3 + CE{tf + C'dlVtull^ + ||Vu;|| 2)£W, 
for ^ > 0, which gives an affirmative answer to the stability problem provided 
that both ||Vif;||r + ||Vr (;||2 and ||a ||3 are small enough. In fact, by following the 
argument of Chen [13], the above inequality for E{t) is deduced from 

\\e~^^P{w • Vu -h u • Vi(;)||oo + \\Ve~^'^P{w • Vu + u • Vif;)||3 

< C(|| Vu;||, + II Vu;||2)(||u|U + || Vul^) + t)-3/2r+3/4^ 

and 

||g-Mp(^ • Vu + u • Vu;)||6 

< C(|| Vu;||, + II Vu;||2)(||u|U + || V^lb) r '/^(l + ^)-3/2r+3/4_ 

We next assume that a G with ||a||n < S. Let u{t) be the global 

solution constructed in Theorem 2.2. Our particular concern is more rapid decay 
properties of u{t). Starting from (6.2) and (6.3), we observe that u{t) G 
for 1 < r < n and t > 0 (without going back to approximate solutions). In fact, 
there is a constant M = M{Q,n,r, ||a||i, llalln,^) > 0 such that 

llV^uWII. < cr^/2||a||, + C [\t - T)-^+'^/^'^-^/^u{T)UVu{r)\\,,dT 
, Jo 

for n/2 < r < n, j = 0,1 and 0 < t < T, where T > 0 is arbitrarily fixed; and 
then, 

||V%(i)||. < Cr^^^aWr + C [\t - T)-^/^\\u{r)\\ 2 r\\Vu{T)\\ 2 rdT 

for n/4 < r < n/2, j = 0, 1 and 0 < t < T. We repeat the process above to get 
u{t) G W^’^(n) for 1 < r < n with 

sup (||u(t)||^ + t^/^||Vn(^)||^) < M. (6.11) 

0<t<T 

Remark 6.2. Following the argument of Kato [39], we see that the above constant 
M does not depend on T > 0 if ||a||rz is still smaller. However, we do not rely on 
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his procedure because the smallness of initial data depends on r > 1. Note that 
the constant r] in Theorem 2.3 is independent of r > 1. 

As the first step of our proof of Theorem 2.3, we show the following lemma 
which gives a little slower decay rate than desired (later on, e > 0 will be removed 
so that estimates will become sharp). 



Lemma 6.1. Let n > 3 and a G For any small e > 0 there are 

constants = r]^{Q,n,e) G {0,6] and C = C{Q,n, ||a||i, ||a||n,^) > 0 such that if 
ll^^lln ^ ihen the solution u{t) obtained in Theorem 2.2 satisfies 



IKi)||n/(n-l) <C^(l + ^)■''/"+^ 


(6.12) 


||w(t)||2n < Cr^/^(1 + i)-"/2+l/2+e^ 


(6.13) 


llVu(t)||„ < + i)-«/2+l/2+e^ 


(6.14) 



for t > 0. 



(6.15) 



Proof We make use of (1.3) for r = oo to obtain 

|(g-(t-r)Ap(r^ . Vtx)(r),(/?)| = \{{u • Vu){r),e~^^~'^^^(f)\ 

< C{t - 

for all (fi e which gives 

||V^e-(*-")^P(u- V u)(t)||, 

for 1 < ^ < OO, j = 0, 1 and 0 < r < t (the case j = I follows from (1.4) and the 
case j = 0). Given £: > 0, we take p G (l,n/(n — 1)) so that 1/p = 1 — 2e/n. Prom 
(6.15) with q = n/{n — 1) it follows that 

||u(f)||„/(„_i) < C'f“'/^+^||o||p + C' [ (f-T)“^/^||u(r)||„/(„_i)||Vu(T)||„<ir. 

Jo 

In an analogous way to the deduction of (6.6), one can take a constant r/o = 
po{Q,n,e) G {0,6] such that if ||a||^ < r/o, then ||n(t)||^/(„_i) < Ct~^^‘^^^\\a\\p for 
t > 0, which together with (6.11) gives (6.12). To show (6.13) and (6.14), we will 
derive 

||Vu(f)||, < Cr("-"/’')/2-i/2+e forr = n, 2n/3, (6.16) 

for t > 0. We divide the integral of (6.1) into two parts 

ft ft/‘^ ft 

/ e~^^~'^^'^P{u •Vu){r)dT = / + / =v{t) + w{t)', (6.17) 

Jo Jo Jt/2 

then we obtain 

||Vu(f)||^ < + h + h, 

for f > 0 (p is the same as above) with 

pt!2 

h = l|Vr;(t)||. <C it- r)-("-”/^)/2-V2||^(^)||„/(„_^JVu(r)|Udr, 

Jo 
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h = ||Vu;(t)||, <C f {t- r)-'/2|KT)|U||Vn(r)||,dr, 

Jtl2 

where (6.15) has been used in Ii. Using (6.12) together with (6.2) and (6.3), we 
see that 



I,<Ct-^n-n/r)/2-l/2+e^^a\U^ /^ < C||a||„ SUp ||Vu(t)||,, 

tl2<T<t 

for t>0. Therefore, setting 

Er{t)= sup for r = n, 2n/3, 

0<r<t 



we get Er{t) < C||a||p + C'||a||„ + Co\\a\\nEr{t) for t > 0, where Cq > 0 is inde- 
pendent of a. As a consequence, there is a constant ??« = ? 7 ,(f 2 ,n,£) € (0,%] such 
that if ||a||„ < r;*, then En{t) + £^2n/3(0 < C for t > 0, which proves (6.16). This 
combined with the Sobolev embedding, (6.2) for r = 2n and (6.3) imply (6.13) 
and (6.14). □ 



Based on Lemma 6.1, we supply the proof of Theorem 2.3, by which we 
conclude this paper. 



Proof of Theorem 2.3. We fix e € (0,1/2) and put rj = Tj{il,n) = r].,{Q,,n,s). 
Assuming ||o||„ < rj, we first show (2.11). Since 

for f > 0, our task is to derive the required estimate of (6.17). By (6.15) together 
with (6.12) and (6.14) we have 



/.t/2 

lk(i)||. <C (<-r)-("-"/’')/2|Kr)||„/(„_i)i|V«(r)||„dr 

/-OO 

< + p)-n/2+2e^^ 

Jo 






for 1 < r < OO and t > 0; here, note that the case r = oo follows from the L^-L^ 
estimate (1.3) together with (6.15). If 1 < r < n/{n - 2), then the same estimate 
of the integrand as above works well on w{t) too; as a result, we have 

for t > 0. For r = oo, we make use of (6.13) and (6.14) to get 




for t > 0. We collect the estimates above to obtain (2.11) for 1 < r < n/{n - 2) 
and r = oo; and the remaining case n/{n - 2) < r < oo follows via interpolation 
as well. 

We next show (2.12). Let 1 < r < n. In view of (6.7), we have 
l|Vu(f)||, < cr^/^u(t/2)\\r + ||Vw;(f)||„ 
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for ^ > 0, where w{t) is the same as above. By (2.11) the proof is reduced to the 
estimate of ||V^^;(^)||r. If in particular 1 < r < n/(n — 1), then from (2.11), (6.14) 
and (6.15) we deduce 

||Vw(t)||r <C [ 

Jtl2 

(n— n/r)/2— n/2+£ 

for t > 0. If r = n, then one appeals again to (2.11) and (6.14) to find 

||Viy(0IU <C [ {t- r)~^/^||u(r)l|oo||Vu(r)||„dr < 

Jt/2 

for t 0. AA^e thus obtain (2.12) for 1 r* (n 1) and r — n, and the ca^se 
n/(n — 1) < r < n also follows via interpolation. It remains to show the case 
n < r < 00 . Prom (1.4) for 1 < ^ < n < r < oo we deduce 

for ^ > 0, and the first term possesses the desired decay property on account of 
(2.11). We take p in such away that 1/n < 1/p < 1/n + l/r. Since we have already 
known (2.12) for r = p as well as (2.11), we are led to 

\\Vw{t)\\r <C f {t- r)-(”/P-”/'-)/2-V2|m^)||^||Vu(r)||/r 
Jt/2 

for t > 0, which proves (2.12) for n < r < oo. 

Finally, by use of (6.10), we show (2.13) and thereby (2.14), (2.15) and (2.16). 
From (2.11) and (2.12) it follows that 

\\Ae-^^^^^'^u{t/2)\\r < Cr^\\u{t /2)\\r = O ^t-^r,-n/r)/2-l^ ^ 

as t OO and that 

\\P{u ■ Vn)(t)||, < C'||tx(i)||oo|lViz(f)l|, = O (t-^+n/2r-l/2^ ^ (6.19) 

as t — > 00 . We are thus going to estimate 

\\Az{t)\\r <C\\yu{t)\\r f -u(r)||ood'r 

+C [ (t- T)-i«(T)||oo||V«(t) - Vu{T)\\rdr = h+ h- 

Jt/2 

With the aid of (6.9) and (2.12) we observe 

P = 0 j ^ (6.20) 

as t OO. We need also a Holder estimate of \/u{t) in I/^(fl), which implies the 
decay property of I 2 as well as rt G C(0, 00 ; D(At^)) fl(7^(0, 00 ; I/^(f])). To this end. 
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let us consider 

u{t) — u{t) 



{e 



-(t-r/2)A _ -( 



-fi 

Jr/2 



^/2)^}u(r/2) - e-^*-^'>^P{u ■ Vu)(s)ds 



-{t—s)A 



-{r—s 



^^]P{u-'^u){s)ds 



= Wi{t,r)+W2{t,T)+Ws{t,T), 



for 0 < r < t In order to estimate zei, we take q e (l,n) (resp. q € (l,r]) if r > n 
(resp. r <n); then, given / e we have 

Jr /I 
Jt/2 

which implies 

||V{e-(‘-^/2)^ - < C{t - ^)V-("/«-”/'-)/2-i/2-e||/||^^ 

where 0 < 0 < 1. Setting / = u{r/2) and using (2.11), we get 

||Vu;i(t,r)||,. < C(t - r/r-^n-nir)i 2 -ii 2 -e_ 2 i) 

In order to estimate W 2 and we take q e (l,r] so that 0 < l/q - 1/n < 1/r; 
then we see from (6.19) in i^(fl) that 

\\Vw2{t,r)\\r < C(t-r)i/2-(^/9-^A)/2r-^+^/2g-i/2^ 22) 

and that 

||V^3(^,r)||^ 

< C r (t - Tf{r - s)-(n/<?-n/r)/2-l/2-0||p(^ . Vw)(s)||,ds (6.23) 

J r/2 

where 0 < 0 < 1/2 - {n/q - n/r)/2. Collecting (6.21), (6.22) and (6.23) together 
with (2.11) yields 

1^ = 0 (r«+"/2r-l/2j ^ (g_24) 

3st oo. Prom (6.18), (6.19), (6.20) and (6.24) we obtain (2.13). Due to (1.8) and 
in view of the equation (1.1), we deduce (2.14) immediately from (2.11), (2.12) and 
(2.13). By Lemma 3.1 of [22] there exist p±{t) G R such that \\p(t) -p±Wllr,f^± + 
\p-^{t) - p-{t)\ < C\\\/p{t)\\q for 1 < q < n and 1/r = l/q - 1/n. Hence, (2.14) 
implies (2.15) and (2.16). The proof is complete. □ 
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Asymptotic Behavior at Infinity of Exterior 
Three-dimensional Steady Compressible Flow 

T. Leonaviciene and K. Pileckas 

Abstract. Steady compressible Navier-Stokes equations with zero velocity 
conditions at infinity are studied in a three-dimensional exterior domain. The 
case of small perturbations of large potential forces is considered. In order 
to solve the problem, a decomposition scheme is applied and the nonlinear 
problem is decomposed into three linear problems: Neumann-type problem, 
modified Stokes problem and transport equation. These linear problems are 
solved in weighted function spaces with detached asymptotics. The results on 
existence, uniqueness and asymptotics for the linearized problem and for the 
nonlinear problem are proved. 

Mathematics Subject Classification (2000). 76N, 35Q. 

Keywords. Steady compressible Navier-Stokes equations, three-dimensional 
exterior domain, weighted function spaces with detached asymptotics, point- 
wise decay at infinity. 



1. Introduction 

In this paper we study the asymptotic behavior of steady solutions to equations 
describing an isothermal motion of compressible viscous fluid (gas) in an exterior 
domain 17 c We assume that the flow domain 17 is an open, connected set, 
exterior to a compact set B with a sufficiently smooth boundary 917. More- 
over, we suppose that the interior of B is non-empty and contains the origin of 
coordinates. In such a domain 17 we consider the classical Poisson-Stokes equations 
for unknown functions p (density) and 'v = {v\^V 2 ^V‘i) (velocity): 

— /ziAv — (/ii -h /i 2 )Vdiv V -F V p = ph — p{y • V)v, x G 17, 

< div(pv) = 0, X G 17, (1.1) 

V = 0, X G 917. 
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Here are constant coefficients of shear and bulk viscosities satisfying the 

conditions 



/il>0, /i2 > 



(1.2) 



and b is a density of external forces. We assume that b is a “small” perturbation 
of a “large” potential force, i.e. that b has the form 



b = V$ + f, (1.3) 

where $ is a potential which can be (as well as its derivatives) arbitrary “large” 
and f is a “small” perturbation of V^. 

Since the flow domain Q is unbounded, the equations (1.1) have to be sup- 
plied with the conditions at infinity. We assume that the velocity field v tends at 
infinity to zero and the density p to a constant density and prescribe the following 
conditions: 



v(x)^0, p(x)^p*, p* = const >0, |x| ^ 00 . (1.4) 

It is a standard observation that the exact solution (po, vq) of problem (1.1), 
(1.4) corresponding to the potential force (i.e. f = 0) is the rest state (po,0), 
where po satisfies the equation 

Vpo=PoV$. (1.5) 

If ^(x) ^ 0 as |x| ^ oo, from (1.4), (1.5) we find 

po{x) = p*exp$(x). (1.6) 

The equations for the perturbation (a = p — po,y) have the form 

{ -/iiAv - (/ii -h p 2 )Vdivv -h Vcr - = F(cr, v), x G 0, 

div (pov) = -div(av), x E 

y = 0, xedn, ^ ‘ ^ 

v(x) 0, (j(x) 0, |x| oo, 

where 

F(cr, v) = -(po + a)(v • V)v -h (po + a)f. (1.8) 

A possible linearization of the system (1.7) near the equilibrium state (po, 0) reads 

-piAv — (pi -h P 2 )vdiv V H- V(J - = F, x E fi, 

< div(pov) = -div(<jw), x E fi, (1.9) 

= 0, X E 50, v(x) 0, a{x) 0, |x| — » oo, 

where a, v are unknown, while F, w are given. 

We will consider a slightly more general system 

"-piAv - {pi + /i2)Vdivv + Vcr - <jV$ = F, x E 0, 

< div (pov) = —div (aw) + p, x E O, 

V = 0, X E 50, v(x) ^ 0, a(x) ^ 0, |x| ^ oo, 

where g is given. 



(1.9') 
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In order to solve the linearized problem (1.9') and the nonlinear problem 
(1.7), we apply the decomposition scheme proposed in [15] (see also the refer- 
ences in [15] for the original application of the similar decomposition scheme to 
steady compressible Navier-Stokes equations linearized on a constant density). We 
represent the velocity field v as a sum 



where 

and 



V = u + V(/9, 

div (pou) = 0, X G fi; u • n = 0, x G dQ, 
dip 



dn 



= 0, X e dQ. 



( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 



As it is shown in [15], then the complicated mixed elliptic-hyperbolic system (1.9') 
splits into the following three simpler problems: 



dip _ 
. dn 



= —div (aw) + p, X gQ, 
0, X G 911, (p{x) — > 0, 



00 , 



-piAu - (/ii + /i 2 )Vdivu + poV(n/po) = G, x G 11, 
div (pou) =0, X G H, 
u = -V(p, X G 911, 

(u(x)^O, n(x) 0, |x| ^ oo, 

a + (2/ii + P 2 ) div ) = n, X G H, 

Po ^ 

where = div (po(x)V), 

G = F 4- (2pi -f /i 2 )V(pQ ^Vpo • wa) — (2pi -h P 2 )V(pg ^Vpo • V(p) 
- {2fii + /ii 2 )Po Vpo div [— 'j + {2m + mW (— ) • 



(1.13) 



(1.14) 



(1.15) 



(1.16) 



Note that (1.13) and (1.14) are elliptic problem: (1.13) is a Neumann problem for 
the operator Ap^ and (1.14) is a Stokes type problem; the last problem (1.15) is 
the transport equation. Thus, the elliptic character of the original system (1.9') is 
separated from its hyperbolic character. The hyperbolic effects are concentrated 
in the transport equation (1.15). 

The solution (a, v) of the problem (1.9) can be found as follows. We define a 
linear map 

C: T ^ a 



in the following way: 

(a) for given r we find ip by solving the Neumann problem 

ApQ(p = -div (rw), x G ^ ~ ^ ^ 

(b) next we find the solution (u, II) of the Stokes-type problem (1.14) taking 
in (1.16) a = r; 
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(c) finally, we find a from the transport equation (1.15). 

It is easy to verify that the fixed point a of the map C and the corresponding 
(u, n, (/?) solve the system (1.9'). 

While the linearized system (1.9) is solved, we find the solution of the non- 
linear problem (1.7) in the form (a, v = V(/:? + u), where (<j, u) is a fixed point 
of the nonlinear mapping 

V: (r,^,z) (<T,</3,u) (1.17) 

with (a, ip, u) being a solution of the linear problem (1.9) taking in it F = F(r, V^-h 
z) and w = + z. 

The solvability of problem (1.1)-(1.4) was studied in [14] using a different de- 
composition scheme and the techniques due to Matsumura, Nishida [2]. Moreover, 
in [14] were obtained decay estimates for the solution (p = Po + cr, v) of (1.1)-(1.4). 
In particular, it is shown that the solution is “physically reasonable” , i.e. 

v(x) = 0(|x|~^), Vv(x) = 0(|x|“^), a{x) = 0(|x|“^). 

However, the analysis of [14], based on the integral representation formula for the 
Stokes problem and estimates of weakly singular integrals appearing in this rep- 
resentation, does not provide optimal decay rates for the higher order derivatives 
of the solution. Furthermore, with this method one cannot specify the asymptotic 
behavior of the solution as |x| — > oo. 

In this paper in order to investigate the solution of problem (1.1)-(1.4) we 
employ methods related with the application of weighted function spaces (e.g. 
[9, 5]). However, already the Navier-Stokes equations of the incompressible fluid 
motion are not solvable in classical weighted Sobolev (Holder) spaces while con- 
sidering the convective term (v • V)v as a perturbation of the Stokes problem. On 
the other hand, if we study these equations in function spaces which elements take 
suitable asymptotic forms (i.e. the elements are defined as a sum of two parts one 
of which contains the main asymptotic term and another one belongs to the usual 
weighted space), then the Navier-Stokes problem is well-posed (see [6, 7]). We 
also refer to [3, 4, 11, 8] where such weighted spaces with detached asymptotics 
were successfully applied to study Navier-Stokes equations in other unbounded 
domains and to [10] were the spaces with detached asymptotic were applied to 
study viscoelastic flows in an exterior domain. 

In this paper we prove that problem (1.1)-(1.4) is well-posed in appropriately 
constructed weighted Sobolev and Holder spaces with detached asymptotics and 
obtain an accurate information about the asymptotic behavior of solutions. 

The paper is organized as follows. In Section 2, we define the function spaces 
used in the paper and prove various embedding results for these spaces. In Section 
3 we present known results concerning the Stokes problem in weighted spaces with 
detached asymptotics and study the Stokes-like problem (1.14) in such functional 
setting. In Section 4, we study other auxiliary problems ((1.15) and (1.13)) appear- 
ing in the decomposition scheme. Finally, in Section 5 and 6 we prove existence. 
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uniqueness and assymptotics results for the linearized problem ( 1 . 9 ') and the non- 
linear problem (1.7) using the results of the previous sections and the fixed point 
argument. Let us point out that, although we consider here only the equations 
of an isothermal perfect gas, the result could be easily generalized to the case of 
barotropic motion. 

The authors are deeply grateful to Prof. S. A. Nazarov for the helpful discus- 
sions. 



2. Function spaces and auxiliary results 

Here and in the sequel C is an exterior domain with the smooth boundary dQ. 
We assume that the point O G The outer normal to dQ is denoted by n. By c 

we denote different constants. They may have different values in different formulae. 
If we want to fix the value of some constant, we regard it as c^, j = 1, 2, . . .. The 
norm of the element u in the Banach space V is denoted by ||r^; V||. We do not 
distinguish in notations between the spaces of scalar and vector valued functions. 
The difference is always clear from the context. 

We use the following function spaces: 

• C^(fi) is the set of all infinitely differentiable in functions; is the 

subset of functions from C^(fi) having compact supports in fi; C^{^) is the 
set of functions from C^(fi) which are equal to zero in the neighborhood of 
infinity, i.e. for sufficiently large |x| (but not necessary on dQ). 

• W^’^(Q), Z > 0, q G (l,oo), is the usual Sobolev space and is the 

closure of C^{Q) in the norm ||- ; W^’^(fi)||; 

• is the space of traces on dO. of functions from W^’^(Q), / > 1. 

The norm in is defined by 

11^; II ^ inf 11^,; II 

where the infimum is taken over all u G such that u = ip on 

• Let be a unit sphere in VF^’^(S^) (resp. C^’^(S^)) is Sobolev (resp. 

Holder) space of functions defined on S^. 

• Dq{Q.) is the closure of C^{Q.) in the Dirichlet norm ||V- ;I/^(n)||. Dq^{Q) 
is the dual space to Dq{Q) with the usual duality norm. 

• yj’^(fi), / > 0, q G (l,oo), (3 gR/is the closure of C^{Cl) in the weighted 
norm 

\\u-,v^’%n)\\ = II ^"(^^)||, 

\a\<l 

where a = (oi, 0 : 2 , as), D°‘ = > 0, |a| = o;i + a 2 + 

0 : 3 . 
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• is the weighted Holder space defined as the closure of C^{Q) in the 



norm 



sup (| 
■<,x€a^ 






\a\<l 

+ 



\x\^ sup 



\D^u{x)\^ 



(k-y| ^\D^u{x) - D^u{y)\jy 



yen 

\x-y\<\x\/2 



• > 0, ^ G (1, oo), s k gZ, 7G (Z — 3/^ + fc, Z + 1 — 3/^ + fc), 

is the weighted Sobolev space with detached asymptotics, i.e. the space of 
functions admiting the asymptotic representation 

u{x) = r“^U(0) + u{x), (2.1) 

where r = |:r|, 0 G S^, C/ G u G The norm in is 

defined by 

||n;2j(';*)’^(Q)|| = ||il; TT*’«(S2)|| + ||n; F'’^(f2)||. 

Functions H and u are called the attributes of u E 21^* 



• €] 



{l,s ),6 

'7, A: 



(Q) is the weighted Holder space of functions with detached asymp- 
totics (2.1) having the attributes It G u G where 7 G 

(Z + 5 + fc, Z + (5 + 1 + fc), 5 G (0, 1). The norm in is given by the 

formula 

Prom the definitions of the norms follows 
Lemma 2.1. (i) Let u G (u G m < I, \a\ < 1. Then u G 

(Ci\ noto, a a (Ci\ noto, ^ \^~\^\^^ { 



V, 






(Q), B^u G 



^(Q) (n G D“ugA;,-I“I’^(Q)). 



(ii) Let u G {u G m<l,m<p<s, \a\<l. 



Then u G QJ, 



-l,jt+|a| 

The following embedding results are proved in [1]. 

Lemma 2.2. Let u G 

(i) If ql <3 with q < s < 3g/(3 — ql), then u G and 

11“; r;i*_3„+3/,(fi)ll < ' II”; rl’(!i)||. ( 2 . 2 ) 

(ii) If ql > 3 and m-\- 8 <l — 3/q with S G (0, 1), then u G 



and 






(2.3) 
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Lemma 2.3. Let v € 

(i) IfuE m <l + 1, then vu G o-nd 

<c||»;<l;w,(n)|lll»irsr(f!)!|. (2.4) 

(ii) If u ^ m <l -{-1, then vu G and 

\\vu-Aj;l^^{n)\\ < c||«; A™/(0)||. (2.5) 

Proof Since 

D“(H= E 

j = l,2,3 

we get 

J \D^{vu)\'^\xfid2+0i-m+\a\) 

n 

ImI=o^ 

<c|hAgi.f^,^,(D)||||rz;y--’(D)||. 

Summing these inequalities over a with \a\ < m, we derive (2.4). The estimate 
(2.5) can be proved analogously. □ 

Let us formulate other results which give the possibility to estimate nonlinear 
terms in (1.8), (1.16). 

Lemma 2.4. (i) Let v G with I > I, s > /, S/2 < q < oo and 

7 G (/ + 2 — S/q, / -h 3 — S/q). Then v (g) v G and 

||v®v;Qj(';*)’^(D)|| < c||v;53^'7’^+')'«(0)|f. (2.6) 

(ii) s>l, 6 e {0,1), je {1 + 2 + 5, l + S + S). 

Then v (g) v € £^* 2 ^’‘^(D) and 

||v®v; 4';2^)’^(D)|| < c||v;4'7’*+')’^(Q)f . (2.7) 

Lemma 2.5. (i) Let g 6 ’^(^)> ^ G 2J^';fc^’''(0), / > 2, s > 1 + 1, g > 

3/2, 7 G (/ + fc — 3/g, / + fc + 1 — 3/g), k >2. Then gh G V^’^(fi) and there holds 
the estimate 

||5h;E7(D)|| < ’^(D)||||h;Qjy;^^^ (2.8) 

(ii) Let g G h G I > 0, s > I + I, 5 e {0,1), + e 

(/ + fc + (5, Z + fc + 1 + 5), k >2. Then gh G and 

llffh; A'7f^)|| < c||5;<t^*'’'(D)|l||h;<^’'(D)||. 






a 



H{a - n) ’ 



a! = ai\a2\oL^\^ 



(2.9) 
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Estimate (2.6) is proved in [10] for s = / (see Lemma 3.3 in [10]). Estimate 
(2.8) is proved in [10] for s = i + 1, k = 2 (see Lemma 3.5). The proof for arbitrary 
s > / + 1 and fc > 2 is completely analogous. Estimates (2.7), (2.9) easily follow 
from the definition of the norm in the space 



3. Stokes and modified Stokes problems in weighted spaces 

3.1. Stokes problem in weighted and Holder spaces 

Let us consider in Q the Stokes problem 

-z/Au + Vp = f in 

< divu = g in n, (3.1) 

u = h on dQ. 

We associate with problem (3.1) the mapping > 'R}^V{Q) defined 

by 

(u,p)^(f, 5 ,h) = 5j’'’(u,p), (3.2) 

where 

nfv{n) = X v)j’«(fi) X 

/ ^ 1, ^ G (l,oo), j3 G M. 

The following results are well known (see [9, 6]). 

Theorem 3.1. (i) If 

/?G(/ + l-3/g, Z + 2-3/g), (3.3) 

then the mapping (3.2) is an isomorphism. 

(ii) Let (f,p,h) G nl^^V{n) C 7^^^T(0) with 

7 ^ (^ 2 — 3/^, / + 3 — 3/^). (3-4) 

Then the solution (u,p) G Vp^V{Q>) admits the asymptotic representation 

(u,p) = (u^p°) + (u,^, (3.5) 

where (u,^ G Vl^W{Q) and 

(u^p^) = + bsE^^\ (3.6) 

with denoting the j-th column of the fundamental matrix for the Stokes oper- 
ator in and bj G M, j = 1,2,3. Moreover, there holds the estimate 

\\{u,^-,Vi;W{n)\\ + \h\ + \b2\ + h\ < c||(f, 5 ,h); n‘’W{n)\\. (3.7) 
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Remark 3.2. The columns of the fundamental matrix for the Stokes operator in 
are defined by 






87n/|x| 



-[Sji\x\‘^ -\-xiXj, 6^21x1“^ -^X2Xj, 5js\x\‘^ + xsXj, 2vXjY, j = 1,2,3. 



Let us consider the problem (3.1) in weighted Sobolev spaces with detached 
asymptotics. Denote 

Vl;W{n) = X 

with 7 satisfying (3.4). It is not difficult to compute that 

c VfV{9), c 

with j3 taken from (3.3). 

Let be the operator of the Stokes problem (3.1) acting on the domain 
to the range 

Theorem 3.3. (see [6, 7].J Let (f,^, h) G 7^5^^2I(fl). Problem (3.1) has a solution 
(u,p) G if and only if there holds the compatibility condition 

j mds9 = 0, (3.8) 

S2 



where ^{0), f are the attributes of the function f in representation (2.1). The 
solution is unique and there holds the estimate 

||(u,p); < cl|(f, 5 ,h); 7e(;«53(fi)||. (3.9) 

The analogous results are also valid in weighted Holder spaces. Let us fix 
/ > 1, J G (0, 1), /? G (/ + 1 + 5, / 4- 2 -h ^), 7 G (/ + 2 + ^, / + 3 + 5) and define the 
spaces 

X Aj^^(fi), 

TZfA{Q) = A^’^n) X Ay {a) X C^+^'^{dQ), 
ny<L{^l) = X X 

Theorem 3.4. (see [6].j Let (f, 5 ,h) 6 TZy€{Q,). Problem (3.1) has a solution 
(u,p) G T>y€{U) if and only if there holds compatibility condition (3.8). The 
solution is unique and 

l|(u,p); vy(t{n)\\ < c|l(f,p,h); ny€{n)\\. 



(3.10) 
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3.2. Modified Stokes problem 

Let us consider the problem 

-/iiAu- (/xi -f /i2)Vdivu + poV(n/po) = f in fi, 
div {pqu) = g in fi, (3.11) 

u = h on dQ, 

where po{x) = p* exp$(a:), $(x) e with 70 > 1 . 

First we deal with the case h = 0 which we regard as the “homogeneous” 
problem (3.11) and denote (3.11)o. 

By weak solution of problem (3.11)o we understand a pair (u, E) G Dq{Q.) x 
Z/^(fi) satisfying the integral identity 



Pi / Vu : Vry dx + {pi + 



P 2 ) j divudi 



div rj dx 



/ 

n n 

J Pq^U div [poT]) dx = J f - rj dx, Vr/ G Dq{Q). 



(3.12) 



and the equation div (pou) = g. 

Theorem 3.5. Let be an exterior domain with Lipschitz boundary. Assume that 
f G g G L^(fi). Then there exists a unique weak solution (u, E) of problem 

(3.11)0 nnd there holds the estimate 



|u;i)i(0)|l + ||n;L2(0)|| < c (||f; Dq '( fi)|l + Hffl A'(fJ)ll)- 



(3.13) 



The proof of Theorem 3.5 is standard and does not differ from the proof of 
the analogous result in the case of a bounded domain Q (see [15]). Note that the 
proof is based on the following. 

Lemma 3.6. (i) Let u G Dq{D.), g = div (pou). Then g G L^(f^) and 

|lg;L2(Jl)||<c||u;ili(fi)l|. (3.14) 

(ii) Every function g G L^(fi) can be represented in the form g = div{pou), 
u G Dq{Q.) and there holds the estimate 

||u; 7)1(0)11 <c 11^; L2(J1)||. (3.15) 

Proof, (i) Since pg ^ Vpo = we have g = div {pou) — p^ exp $ (V$ • u + div u) 
and using the inclusion G we derive the estimate (3.14). 

(ii) Let V G 7)q( 0) be a solution of the problem 

J div V — g, X G 0, 

I V = 0, X G 90, 



satisfying the estimate 



;Hi(fi)||<c||5;L2(Q)||. 
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Such a solution v exists for each g £ L^(f2) (see [16]). Taking u = we 
get div (pou) = g and the estimate (3.15) holds true. □ 

Let us consider problem (3.11)o in weighted function spaces. 

Theorem 3.7. (i) Let f € l/j"^’^(D), g £ yj’^(fi), I > 1, q > 6/5, /?£(/ + 
3/2 — 3/g, / + 2 — S/q). Then problem (3.11)o has a unique solution (u, II) £ 
X Vp^{Ll) satisfying the estimate 

||(u,n);E;+'''^(fi) X E;’^(D)|| < c||(f,9);E;-i’^(D) x (3.16) 

(ii) Let{f,g) £ (Q), l>l,Se (0,1),/? £ {1+8+3/2, 1+6+2). 

Then problem (3.11)o has a unique solution (u, II) £ Aj 5 *“^’'^(D) x A''^^{Q,) and 

||(u,n);A;+‘'‘(n) X A«(n)|| < c||(f,j);A/-‘'‘(0) X A«(!J)||. (3.17) 

Proof (i) Let first consider the case q = 2. For each u € D^(D) there holds the 
estimate 



j \x\ ^|updx<c J |Vupdx. 



Hence, D^{n) = Moreover, if p>l, then 

\ r \ / r \ V2 / /. 



f • ry dx < ( / |xp|fpdx 



"|ryp dx 



<c(^J |a:|2(/5+i-0|f|2da;^ ' |Vr,|2d(r^ ' , Vt, £ ^^(D). 

Therefore, for (3>l, Fj"^’^(0) c D^\Ll) and problem (3.11)o has a unique weak 
solution (u,n) £ Dl{Q.) x L'^iSl) = Fo^’^(fi) x Fo°’^(D). Prom results of the paper 
[15] it follows that (u,D) £ lT,oc (D) x lTiJ,’^^(n) and equations (3.11)o are satisfied 
almost everywhere in 0. We rewrite (3.11)o in the form 

-pi Au + Vn = f + Po ^VpoII - (pi + M 2 )V(pq ^ Vpo • u), a: £ D, 

< divu = p-poiVpo -u, a:£n, (3.18) 

u = 0, X G 5f], 

and consider (u,II) as a solution of Stokes problem (3.1) with the right-hand side 
(F, (j, 0), where 

F = f + nv$ - (pi + p 2 )v(v$ • u), 

G = 5 • u 

(remember that = pg ^ Vpo). By Lemma 2.3 we get V$ • u £ F ^’^(D), IIV$ £ 
Since f € Vg ’ (D) C F^l^;.,.i(f2), g £ V)j’^(fi) c we conclude 

F£y;;^(n), G£F^\’2 (ii), 
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with /?i = min(7o,/3— /+1). For 70 > 1, ^ G (/, /+1/2) we have /3i — 1 G (0, 1/2) and 
in virtue of Theorem 3.1 (i) the solution (u, II) of Stokes problem (3.18) belongs 
to the space x Applying again Lemma 2.3, we get 

• u e VpllJin), nv$ e so that 

FeV^fm, Gev^fin) 

with p 2 = min(27o, (3 -I + 2). We have 132 - 2 e (0, 1/2) and Theorem 3.1 (i) 
implies (u,II) G Repeating this argument I times we derive 

with /3i = min(l7o,/3) £ {1,1 + 1/2) and conclude that (u,II) G P^V(f2). If 
ho > P, then Vp‘^V{Q) C V’'pV{Q) and in the case = 2 the theorem is proved. 
If Z 70 < we continue the iteration process: 



(u,n) G vf^v{Q) 

"^e“=^'-3(F,G) G X A+1 = min ((/ + 1 ) 70 , /?) 



{vi,Jl)eVf V{G) 



Theor em 3 .1 (i)^ 

Th..,^3 i (!)(„_ n) 6 A+™ = mm((l + m) 7 o,/)). 



Taking m such that (/ + m)7o > /^5 we obtain (u, II) G Supplying 

mentioned above inclusions by the corresponding estimates we get for (u, II) the 
inequality (3.16) at g = 2. 

Let us consider the case q G [6/5, oo). If ^ G [6/5, 2], /? > Z + 3/2 — 3/g, we 

have 




< 




l^|q'|a.|g'(-/3+/-Ddx) 



1 / 9 ' 



where 1/q + l/q' = 1. Since g' G [2,6], in view of Lemma 2.2 (i) there hold the 
embeddings Dq{Q>) = yo^’^(fl) C Vi/ls/q'i^) ^ ^-/ 3 +/-i(^)- Therefore, 




< c 






(fl)|l||r7;P^(fI)l|. 



If g > 2, /? > / + 3/2 - 3/g, then 




a 



< (/ |fl«|a;l«(^-'+^Ma) ^ (/ |r?|®da) (/ |xf ’ 5,-^ da) 

Q Q 

< cl|f;T;/';+i(fl)||||77;L«(fl)|| < 
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Moreover, by Lemma 2.2 (i) 

g e C c L\n). 

Therefore, there exists a unique weak solution (u, II) G x of 

problem (3.11)o. As above we get the inclusion 

• u G nv$ G (3.20) 

In order to estimate the right-hand sides F and G, we use the inequality 



Q 






which is true for arbitrary h G 1 < s <t and Ve > 0; can be easily proved 

by applying Holder’s inequality. 

Let us consider the case q G [6/5,2]. We take Sq = ~ 1- Then (3.20) 

and (3.21) with s = q, t — 2, /i = 7o imply • u G Vi^s/ 2 - 3 /qi^)^ HV$ G 
^i+3/2-3/g(^)* Since 1 -h 3/2 — 3/q < ^ — Z + 1, we conclude 

F e G e (3.22) 

Let q € (2, 6]. From (3.21) with t = q, s = 2, /i = /3 — / + 1 follows that 

(fiff) € ^ '^/3-;+1+3/9-3/2 -£i (^) 

Vei>0. 

Since 70 > 1, inclusions (3.20) imply 

and, if ei < 1/2, by Theorem 3.1 (i) we conclude 

ueF^4(n), neFi4(Q). 

In virtue of Lemma 2.2 (i) we obtain u £ V_ 

and by Lemma 2.3 V$ • u € nv$ € r;i,. -3/g+3/2(^)- 

Taking Si so that < 70 — 1, £1 < 1/2, we get 

• u G nv^ G n%,^3/2(f^) 

and, therefore, (F,G) satisfy inclusions (3.22). 

Finally, let q> 6. Then inequality (3.21) gives 

f € (n) c v°l% (!!), 9 6 . (SJ) 

and as in the previous case we derive the inclusions 
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By inequality (3.21) with jj. = (3 — I 5 = 6, t = q we have 



^ ^ '"/3-/+l/2+3/g- 






cvtlm, 






Hence, 



Since < 1/2, we have (2 - £i) - 1 G (1/2, 3/2) and by Theorem 3.1 (i) we get 

u e V2-£i(^^)? n G P2-ei(^)- Lemma 2.2 implies u G A 2 l^^^(fi), H G Aj^{^(fl). It 
is easy to compute that the last relations imply the inclusions 

V® ■ » e C »'l+3/2-3/,(«). nv$ e V,“;V2-3/.(fi)- 

Thus, we have proved the inclusions (3.22) for arbitrary q G [6/5, oo). Now, arguing 
as in the case g = 2, by repeated application of Theorem 3.1 (i) and Lemma 2.3 
we derive the sequence of inclusions 



(F,G) e X ^\n,U) e Vlyiil) 

Lem^2.3 ^ _ Theor^3,l ^ VfV{^) 

Le mma 2.3 Theorem : 



1 1 m 



where = 1 + 3/2 - 3/g, ...,(3i = min( 7 o/ + /3q,( 3),.. (3i+m = min ((/ + m)jo + 
^ 0 , /?), {l3-m)jo-\-Po > (3. Supplying the obtained inclusion with the corresponding 
estimates we obtain estimate (3.16) for arbitrary q G [6/5, oo). 

(ii) Let (f,^^) G AJ 3 "L^(o) X A^^(fi), / > 1, 5 G (0, 1), f3 G (/+J+3/2, l+S+2). 
Let us take q = It is easy to compute that then (t^g) G ^ 

^ 5 / 2 - 3 /q+ 5 o with 2?o = ^ - 3/2 > 0. It is already proved that problem 

(3.11)o has a unique solution (u,H) G P5/2-3/g+£o(^) ^ 

Lemma 2.2 we get the inclusion (u, H) G A 3 ^(fi) x A^’^(fi), where po = 3/2+5+?o- 

Po Po 

Now, by Lemma 2.3 



V$ • u e (fi), 

/3o+7o^ 



nv$ e a¥ (q). 

3o+7o^ 



Therefore, (F,G) G x A^’^(fi), where /?i = min{/3 — / + 1, /?o + 7o}- In 

virtue of Theorem 3.1 (ii) we get 

(u,n)GA|'(0)xA^7fi) = P^fA(fi). 
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Repeating the last argument we derive the sequence of inclusions 
(u,n)ePi;'A(fi) 

G) e X = min{^ - / + 2 , + 270} 

^(u,n)ei?|'A(f2) 

^ ^ AL-^’\Q) X a'/ (fi) 

Theore^S.l ^ s ^ 3o + (^ + m)7o}- 

Pl + m 

Taking m so, that /?o + (/ + ^)7o > /?, we obtain (u, H) G A{Q,). The 
theorem is proved. □ 

Let us consider problem (3.11) with nonhomogeneous boundary condition. 

Theorem 3 . 8 . (i) Let h) G / > 1, g > 6/5, /3 G (/ + 3/2 - 3/g, / + 

2 — S/q). Then problem (3.11) has a unique solution (u, II) G T>^^^V{Q.) and there 
holds the estimate 

l|(u,n);2);3’V(Q)|| < c||(f,5,h);7i;^V(fi)||. (3.23) 

(ii) Let (f, g, h) € 7?.^ A(J7), / ^ 1, S G (0, 1), P G (/ + (5 + 3/2, / + 5 + 2). 
Then problem (3.11) has a unique solution (u, II) £ 2?^^A(0) and 

||(u,n);pJ'A(H)|| <c||(f,5,h);7^;^'A(^^)||. (3.24) 

Proof. Since h G (h G it can be extended as a 

function H belonging to lT^“^^’^(n) (C^'^^’^(fl)) and having a compact support. 
Hence, H G Fj+^’^(fi) (h G A^+^’‘^(f])). For U = u - H and H we get problem 
(3.11)o with the new right-hand side (fi,^i,0). Theorem 3.6 follows now from 
Theorem 3.5. □ 

Now we study problem (3.11) in weighted functions spaces with detached 
asymptotics. 

Theorem 3 . 9 . (i) Let(f,^, h) G / > 1, g G [6/5, cxd), 7 G (/ + 2 — 3/g, / + 

3—3/q) and let ^{6) satisfies the compatibility condition (3.8). Then problem (3.11) 
has a unique solution (u, H) G There holds the estimate 

||(u,n);P;f5?(n)|| <c||f,ff,h);7l(;''2J(II)||. (3.25) 

(ii) Let (fj^", h) £ 7^(j;^C(f2), / ^ 1, 6 G (0, 1), 7 € (/ + 2 + <5, / + 3 + 5) and 
let the compatibility condition (3.8) be valid. Then problem (3.11) has a unique 
solution (u, H) G 

II (u, n); Vl;^a:{Q)\\ <c\\{f,g, h); 7^(;V(^^) || . 



(3.26) 
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Proof, (i) Since C TZ^^^V{Q.) with arbitrary /3 e (Z+3/2-3/^, /+2-3/^), 

by Theorem 3.5 there exists a unique solution (u, II) G (3^ = I 2 - 

3/q — 0 < £ < min(l/2, 70 — 1). From Lemma 2.3 it follows that 

■ u G C nv# € c 

Therefore, (u, II) can be considered as a solution of Stokes problem (3.1) with the 
right-hand side (F,G, h) € In virtue of Theorem 3.3 we conclude that 

(u, n) G and the estimate (3.25) holds true. 

(ii) The proof of the second part of the theorem is completely analogous to 
the that of the first part. One have just to change weighted Sobolev spaces into 
weighted Holder spaces and to use Theorem 3.4 instead of Theorem 3.3. □ 

4. Transport equation and Poisson-type equation 

4.1. Transport equation 

Let us consider the transport equation 

z + diy{wz) = h, x G fi, (4.1) 

where w satisfies the condition 

w • n = 0, X e dQ (4.2) 

Problem (4.1), (4.2) was studied in many papers using various functional 
settings (e.g [12, 13] and references cited there). Here we need results concerning 
the solvability of (4.1), (4.2) in weighted Sobolev and Holder spaces with detached 



asymptotics. 

Theorem 4.1. (i) Let h G with Z > 2, q> 3/2, 

7 ^ 2 — S/q^ I S — 3/q) (4-3) 

and let w G There exists a number > 0 such that if 

||w;<ti’'^')’"(f^)||<^o, (4.4) 

then problem (4.1), (4.2) has just one solution z with 

z G div(w2() G F^’^(f2). (4.5) 

There holds the estimate 

+ ||div(wz);4^^’‘'(fi)|| < c ||/^; (4.6) 
Furthermore, Az G QJ^^_4^’*'’^^’'^(0), Adiv(wz) G K(“^’^(^^) and 

||Az;ffl^'4^’'-')’‘'(n)|| + ||Adiv(w 0 );y 72 .g(f^)|| 

< c(||/i;«;7')'‘'(J^)|| + ||w;Qj;7’'+')’-^(f])||||2;®^'j+')’^(n)||)^ 
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(ii) Let h e I >2, 5 e (0, 1), 

7^ (/H-2 + (5, Z + 3-|-(5) (4*^) 

and let w G There exists a number £o > 0 that if 

then problem (4.1), (4.2) has just one solution z with z G div(w 2 :) G 

A^i^) cif^d 

'^-'(0)11 + ||div(wz); Af;^(fi)|| < c ||/i; (4.9) 
Moreover, Az G Adiv(wz) G 

||Az;e:^^'_4^’'“^^’^(fi)|| + ||Adiv(wz);A!^“^’'*(f2)|| 

Proof, (i) Let h G 2J^^ 2 ^^^’^(fi), i.e. h admits the representation 

h{x) = r~‘^9){6) + h{x). 

with attributes 9) G VF^“^^’^(S)^ and h G F^’^(n). For sufficiently small £o in [10] 

is proved the existence of the unique solution z G 2J^^ 2 ~^^^’^(fl) of problem (4.1), 
(4.2) which admits the asymptotic representation 

z{x) = r-^9){6) + z(x), z G F^’^(O) (4.11) 

i.e. the “spherical” attributes of h and z coincide. Moreover, there holds the esti- 
mate 

||z;V:^'«(fi)|| <c||A;aj;;'+'>’’(fi)|| (4.12) 

Since z and h have the same “spherical” attributes, from equation (4.1) we get 
div (wz) = h-z e y^’^(ll) and estimate (4.6) follows from (4.12). 

Applying the operator A to equation (4.1) we obtain 

Az 4- div (wAz) = Ah - div (Awz) - 2div (Vw • Vz). (4-13) 

From Lemmata 2.1 and 2.5 we conclude 

Ah G div (Awz) + 2div (Vw • Vz) G 

and 

||div (Awz) + 2div (Vw • Vz); V:^“^’^(f^)|l 

< c||w;<4’'+'^’^(fi)|||lz;2j;;4'^’’(f^)|l- 

Therefore, Az G may be interpreted as a unique solution of (4.1) 

with the right-hand side hi = Ah - div (Awz) - 2div (Vw • Vz) G 4 ^’^ ^^’^(fl). 
Now, from results of the paper [10] (see Section 4) follows the estimate 



(4.15) 
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Since div(wA2:) = hi — Az^ from (4.14), (4.15) we derive estimate (4.7). 

(ii) The proof is completely analogous to that of the case (i). We only note 
that the existence of the unique solution 2 ; G 2^^^’"^(0) to (4.1) is proved in 
[5]. ’ □ 



Remark 4.2. Representing the solution z in the form (4.11) we get for the remain- 
der z the transport equation (4.1) with the right-hand side h - div (wr“^i3(0)). 
That oblige us to require more regularity for the “spherical” attributes of z and 
h. This choise is possible only because they coinside. 



4.2. Boundary value problems for the Poisson equation 

Let us consider Neumann problem for the operator Ap^ = div (^po{x)S/), where 
po{x) = p^ exp^(x), $ G 7 o > 1, i.e. we consider the problem 



d(^ 

— = 0, X e dQ, (fix) 0, |x| 
on 



00. 



(4.16) 



Theorem 4.3. (i) Lettp e Vj^ ^’'^(11), / > 1, g > 1, 7 € {l+2-S/q, l+S-S/q). Then 
problem (4.16) has a unique solution which admits the asymptotic representation 



<^(a;) = co(27r|x|) ^+y)(2;), (4.17) 

where ip e There holds the estimate 

||^;F7^-^(11)|| + |co| <c||^;l/7i'<'(fi)||. (4.18) 

(ii) Let ^ G Ai;-b^(f]), / > 1 , ^ g (0, 1), 7 G (/ + 2 + (5, / + 3 + 5). Then 
problem (4.16) has a unique solution p which admits the asymptotic representation 
(4.17) with (f G Af+^’^(n) and there holds the estimate 

||^;A!,+i-^(fi)|| + |co| < c||V’;A(^-i’'(0)||. (4.19) 

The proof of Theorem 4.3 can be found in [9]. 

Let us consider now the Dirichlet problem for the Laplace operator 




X G 

X G dO.. 



(4.20) 



Theorem 4.4. [9]. Let ( £ I > 1, q > I, 7 > / + 1 - 3/g and let 

^ S l7-^i(fl) be a solution of problem (4.20). Then ^ 

||^;^7'’"(f^)||<c||C;K;-'’n^^)||- 

The solution ^ £ V^iy^(n) is unique. 



(4.21) 
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5. Linearized problem 

Let us consider problem (1-9'). 



Theorem 5.1. Let be an exterior domain with the smooth boundary 

7 o > 1, / > 2, (^g(0, 1), po{x) = p*exp$(a:). Suppose that w e 

F e g e q > 3/2, 7 e (/ + 2 - 3/g, / + 3 - 

3/^), be given functions with 

w = 0, divw = 0, X e dQ, (5.1) 

and F satisfies the compatibility condition (3.8). There exists a number > 0 
such that if 

(5.2) 

then problem (1.9') has a unique solution (cr, v) G x 

Moreover, div(wcr) G E^“^^’^(0) and there hold the estimates 

<c(||F;5j;,7’^g(fi)|| + ||5;Kj-’(J2)||), (5.3) 

||div(wa);F'’^(n)||<c(||F;2J?,7’')’‘'(0)|| + ||5;F^^^ (5.4) 



Proof As it is mentioned in Introduction, problem (1.9') is equivalent to three 
problems (1.13)-(1.15) and the solution (a, v) of (1.9') can be found as a fixed 
point of the linear mapping C: r a defined by (1.13)-(1.15). Let us give exact 
meaning to the formal decomposition scheme described in Introduction. Define the 
Banach space 

®!;«(0) = {a:ae QJJ’'+^)’«(^2), Adiv(w< 7 ) € 
with the norm 



||<T;S'’«(f2)|| = ||<T;<’'+')’«(n)|| + ||A(div(wa));V:J-2'^(fi)||. 

Let r G be given. First, we find as a solution of the Neumann problem 

= -div (rw) + g, x eQ’, ^ = 0, x G dQ. (5.5) 

Second, we find the solution (u, II) of the Stoke- type problem (1.14) taking in 
(1.16) a = T, and, finally, we find a as the solution of transport equation (1.15). In 
such a way we define the operator C: r a. We show that £ is a contraction in 
the space ®5y’^(0). The fixed point <j of £ and the corresponding to a solutions (p 
(solution of (1.13)) and (u,II) (solution of (1.14)) solve (1.13)-(1.15). The solution 
of the original linearized problem (1.9) has the form (a, v) = (a, u + Vp). 
Consider problem (5.5). First, we realize that 

lldiv(wr);K;:l’«(fi)|| < c ||r;2jjf ')’«(n)|| ||w; 
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(see Lemma 2.5. Further, since (divw)|aQ = 0, w|an = 0, we get 

div (wr) = 0, X e dQ. 

Therefore, div (wr) can be considered as the solution of the Dirichlet problem 



f A(div(wr)) = A(div(wr)), x G fi, 
I div (wr) =0, X e dfl. 



(5.7) 



By Theorem 4.4 the solution div (wr) of the problem (5.7) satisfies the estimate 



||div(wr);y^’«(fi)|| <c A(div(wr));Kj-2’«(J7) 



(5.8) 



Now, in virtue of Theorem 4.3 there exists a unique solution (p of problem 
(5.5) admiting the asymptotic representation (4.18) with ^ G Moreover, 

estimates (4.19), (5.6), (5.8) give 

||^;lC;^l’^(12)|| + |co| 

< c(||Adiv(wr);y'-^’^(n)|| + ||ff; K^’^J))!!). (5.10) 

Next, we consider problem (1.14) with G defined by (1-16) at a = r. Using Lem- 
mata 2. 1-2.5 and the asymptotic representation (4.18) for (p we conclude that 
G e ’'^(fl) and 

||G;Qj0-M),Q(f^)|| < c(||F;5?y-'''>’^(fl)|| + + |co| 

+ ||r;<f ')’'^(fi)||||w;5J?+'’'^'^’"(^^)|| + ll^; ^^’’’(fi)||)- 

Moreover, G and F have the same spherical attributes and, therefore, G satisfies 
the compatibility condition (3.8). Hence, in virtue of Theorem 3.7 (i) there exists a 
unique solution (u, H) G x of problem (1.16) and there 

hold the estimates 

< c (l|G; <3 II + II V?; II + |co| + ||p; Kj’^(fi) |l) , (5.12) 

< c (||G; II + II V^; II + hi + ||g; ^ 

(5.13) 
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Using estimates (5.9)-(5.11) and the trace theorem, from (5.12), (5.13) we obtain 

< c. (||F;2j;-'’')’^(Q)l| + ||r;<f ( 5.14) 
+ ||Adiv(wr);Kj“^’«(0)|| + V^’«(f2)||) 



and 






+ \\r 






(5.15) 



Moreover, applying the operator div to equation (1.14)i and using the relation 



divu = -po Vpo • u, 



we get 

An = div G + div {pQ^VpoU) - {2pi + /i2)A(po ^ Vpo • u). 

Therefore, in virtue of (5.15), (5.11), (5.9), 

+ ||u;2J?:^ti^'^(n)|| + ||n;2j;-';P’«(f2)l| + lls; y'’^(0)||) (5.I6) 

+ lkv^’n^^)||). 

Finally, we consider the transport equation (1.15). According to Theorem 
4.1, there exists a unique solution a G of (1.15) and there holds the 

estimate 

||^;2j(M+i)w(f^)|| ^ l|div(w<7);K^’«(0)|| < c|ln;2j;;'+')’^(fi)|| 

< Cl (||F;<3'’')’’(fl)|| + (5.17) 

+ |lAdiv(wT);y'-^’<^(ll)|| + ||9;K;’nn)||). 

Further, estimate (4.7) yields 

\\AdW{way,V^~^'‘‘{Q)\\ 

+ lkv^’^(^^)ll)- 



(5.18) 
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Estimates (5.17), (5.18) together with condition (5.2) furnish 
+ 2ci ||Adiv (wa); 

< ci(l + 2c2)(||F;5J^'3'’')’‘'(fi)|| + +eo||r;<f')’«(0)||) 

+ Cl II Adiv (wr); K^“^’''(0)||. 

(5.19) 

Thus, for every r G and w satisfying (5.1), (5.2) we have Ct = a £ 

Put <Ti = £ti, (72 = £t 2. Due to the linearity of £ we have 

||(Ti - (72;QJ^'’2'^^^’®(D)|| + 2ci||Adiv (w(cti - ( 72)); P.^“^’®(D)|| 

< ^ ^2 ci( 1+2 c 2 )£o||ti -T 2; 2^^^’^(f2) || +2ci || Adiv (w(n -72)) ; VCj“^’fyf2) ||j . 

Since the norms ||cr; *B5;'^(D)|| and ^||<7;5J^*2^^^’^(f2)||+2ci||Adiv (crw); P^“^’'J(f2)||^ 
are equivalent, this yields the contraction in 55?^^ (fi) provided that 

2ci(l + 202)^0 < 1- 

Consequently, there exists a unique fixed point a of £. Obviously, a and corre- 
sponding V = u + solve the original linearized problem (1.9'). Estimates (5.3), 
(5.4) follow from (5.10), (5.14), (5.17), (5.18) written for the fixed point. The 
theorem is proved. □ 

Analogous results are valid in the scale of weighted Holder spaces with de- 
tached asymptotics. 

Theorem 5.2. Let Q, ^ and po be as in Theorem 5.1. Suppose that 
w G F G <.;'’'^’"(0), g G A(;fyD), <5 G (0, 1), 7 e (/ + 2 + 

J, l-\-3 + 6), be given functions such thatw satisfies boundary condition (5.1) and 
F satisfies compatibility condition (3.8). There exists a number Sq such that if 

||w;c:;+i’'^')’'(fi)|| <eo, 

then problem (1.9') has a unique solution (<7,v) G x 

Moreover, div(w(j) G A^i^) and there holds the estimates 

||<7;4':2^^^’^(0)|| + ||v;4a'’'+'^’^(D)|| 

<c(||F;44’')’'(D)|| + ||5;A4(D)||), (5.20) 

||div(w(T);A4(D)|| < c(||F; 4,4’*^’'’(f^)|| + 1^; 4'*(^^)||)- (5-21) 
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6. Nonlinear problem 

Before studying the nonlinear problem (1.7), (1.8), we show that the convective 
term (po + <t)(v • V)v satisfies the compatibility condition (3.8). 

Lemma 6.1. Let v € a £ Po(^) = p*exp$(a:), $ S 

70 > 1, / > 2, 5 € (0, 1), q > 3/2, 7 € (1 + 2 - 3/q, 1 + 3- 3/q). If 

div ((po + ct)v) =g inLl, g £ KJ“^’9(Q), ( 6 . 1 ) 

then (po + cr)(v- V)v £ and there holds compatibility condition (3.8). 

Proof. Because of condition ( 6 . 1 ) the convective term can be represented in the 
form 

{po + (j)(v • V)v = div {{po + o-)v (g) v)) - g. 

Further, from the inclusion $ G it follows that 

Po{x) = p* +p*(exp^(x) - 1) = p* +Po(^), 

with Po ^ In virtue of Lemma 2.4, v (g) v G and, 

therefore. Lemmata 2.3, 2.5 imply 

(po + a)(v g) v) G 

Hence, 

(po + o-)(vg v) = p*(vg v) + (po + cr)(vg v) G 
Moreover, (po + a)(v g v) obviously can be represented in the form 

(po + cr)(v g v) = p^r~^V{6) g V{6) + p*v g v + (po + a)(v g v). 

Here 2J are v are “attributes” of v. Finally, we get 
h(a;) = r~^^{e) + h(a;) = (po + a)(v • V)v 

= p«div (r“^5J(0) ® 21 ( 0 )) +div (p*v (g) v)+div [(po+fr)v (g v] -g. 

By Lemma 2 . 1 , h € 2 J^^ 3 ^’*^’^(n) and, since, r~^^{6) = p«div (r“^2Jg2J), Lemma 
3.4 in [10] yields the condition (3.8): 

j S}{e) dSe = 0. □ 

§2 

Now we are in a position to prove the main result of the paper. 

Theorem 6.2. Let ilGM^ be an exterior domain with the smooth boundary 9f2, ^G 

6£{0a), q>3/2, ^£{l + 2-3/qJ + 3- 
3/^), 7 o > 1- Suppose that the function f satisfies compatibility condition (3.8). 
There exists a number > 0 such that if 

||f; 2 j;, 3 '’'>’«(D)|| <£„ 



(6.3) 
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then problem (1.7), (1.8) has exactly one solution 



{a,y) G x 



satisfying the estimate 

r. + 









Proof. First, we describe more precisely the nonlinear map J\f defined by (1.17). 
Let us introduce the Banach space 



= {(a,v) e X <1 



{l + l,l+2),q 



(a): 



div ((po + <^)v) G v|9fj = 0, (divv)lg^ = o|, 



(6.5) 



and let be a ball in 



S,.. = {(a,v) G 2)!;«(fi): ||a; 2J?;'+'^’’(^^)|| + ||v; <£**}. (6.6) 

Assume that (r, w) G Simple calculations, using Lemmata 2. 1-2.5 and con- 
dition (6.3), furnish that 



F(r, w) = (po + r)(w ■ V)w + (po + r)f G 



(6.7) 



and 



||F(r,w);5J?-'’')’''(Q)|| 



< c^l + t;5J! 



P4+1) 
7.2 






< c(e* + e**(l + £„))(||w; 5J^'|'''+")’^(0)|| + ||r;5j;j+')’‘'(fi)||) 
Moreover, F(r, w) can be represented in the form 

F{T,w) = r-^di{0) + F{x), 



+ ce*. 



where F G Kj h9(f)) and 

^'Si (0) = div (p,r“^2U(0) ® W(0)) + p*r~^^(0) 

(S(0) and 20(0) are the spherical attributes of f and w, respectively). Therefore, 
by Lemma 6.1, F(r, w) satisfies compatibility condition (3.8). If e** is sufficiently 
small (see condition (5.21)), then by Theorem 5.1 linearized problem (1.9) with 
F = F(r, w) has a unique solution (ct, v) G x From 

(1.9)2 we get 

div(pov) = -div(crw) G Vf|“^’^(fl), 

(divv)|9n = -po^(Vpo • v + Vcr • w + adiv w)|asj =0. 
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Thus, the map M is well defined on the space Moreover, estimates (5.3), 

(6.7) yield 

<C3(£. + (£**(l + e„))(||w;Qj;+'’'+2)’^(f])|| + ||r;5j;;'+')’‘^(J^)||) + cge*. 
This gives the inclusion 



NBe,, C Be,, for 2 c 3 £* < and 2cs(£* + £**(1 + £**)) < 1. ( 6 . 8 ) 

It is easy to verify that Be,, is a closed subset of the Banach space 

= {(a,v) € X : v|af^ = O} D 2)5;«(fi). 

We prove that A/* is a contraction in Be,, with respect of the weaker topology of 
the space Xf^^(O). Denote 

(a,v) =A7(r,w), (ai,vi) = A/'(ri,wi), 
a = a — ai, v = v — Vi, f=r-ri, w = w-wi. 



F = F(r,w) -F(ri,wi) 



= ~{po + '7’)(w • V)w + (po + Ti)(wi • V)wi 4- ff. 

In virtue of (1.9) the couple (a, v) satisfies the following equations 
- piAv - (/ii + p 2 )Vdiv V + poV(5/po) = F, x € Q, 
div (pov) + div (wa) = -div (<jw) = p , x G fi, (6.9) 

V = 0, X G dO>. 



For (< 7 ,v), (cTi,Vi) e and 



(fi)|| < £*, we find the estimates 



(6.10) 

Thus, Theorem 5.1 (with I — 1 instead of I and 7 — 1 instead of 7 ) applied to (6.10) 
yields 



||5;2j7i7’®(f2)|| + ||v;2j7+4''(fi)|| 

< C4(e* + I|w;5j7tl’^(^)||)- 

This furnishes the contraction for J\f in the Banach space provided that 

€4(6^ H“ £^5)j5|e) 1. (6.11) 

Therefore, if e,, e** satisfy conditions (5.21), (6.9), ( 6 . 11 ), there exists a fixed point 
(ct, v) 6 2)5y’^(fi) of M which solves the (1.7), (1.8). This completes the proof. □ 



Analogous results are valid in the scale of weighted Holder spaces with de- 
tached asymptotics. 
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Theorem 6.3. Let f2, $ and po be as in Theorem 6.2. Suppose that f 6 

l>2, 5 g (0, 1), 7 G (/ + 2 + 5, Z + 3 + 5), 7o > 1. Assume also that f satisfies 

compatibility condition (3.8). There exists a number > 0 such that if 

then problem {1.7), (1.8) has exactly one solution 
(a,v) € X 

satisfying the estimate 

||^;e-W+l),^(J^)|| + ||^.^0+1,/+2),^(J^^|| < (6.12) 

Remark 6.4. Note that constants in estimates (6.4), (6.12) depend on 

||fiAl:K«,.(n)||. 

Remark 6.5. From the obtained results it follows, in particular, that in the case 
where f has a compact support the solution {a, v) admits the asymptotic repre- 



sentation 

a{x) = L-£{0) + a{x), 


v(x) = -V(0) + v(x), 
r 


with 




D“v(a;) = 


|o!| = 0, + 


|P)“p(a;) =0(r-2-l“l-5), 


|a| = 0,1,...,/, V7<1. 
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